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Abstract

We study perturbations of cubic planforms, proving there exists
perturbations giving homoclinic cycles between persistent steady states.
Our results do not depend on the representation of the symmetry
group of the lattice and are thus quite general.

The problem is studied using group theory rather than direct meth-
ods. We use the abstract action of the symmetry group of the per-
turbation on the group orbit to determine the existence of zero- and
one-dimensional flow-invariant subspaces. The residual symmetry of
the perturbation constrains the flows on these subspaces and, in cer-
tain cases, homoclinic cycles are guaranteed to exist.

Cubic planforms are physically interesting due to their relevance to
certain physical systems. Applications to reaction-diffusion systems,
nonlinear optical systems and the polyacrylamide methylene blue oxy-

gen reaction are discussed.
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1 Introduction

Many authors have considered pattern formation in two- and three-dimensional
Euclidean-invariant systems. Equivariant bifurcation theory Golubitsky et al.
[1988]; Golubitsky & Stewart [2002] provides powerful techniques for inves-
tigating the mathematical aspects of pattern-forming instabilities. The ab-
stract results have been applied to a number of applications to different
physical systems. Many authors have considered steady spatially-periodic
patterns, or planforms. There is a large body of work concerning square
planforms [Demircan & Seehafer, 2001; Dionne et al., 1997; Dionne & Gol-
ubitsky, 1992; Golubitsky et al., 1984], hexagonal planforms [Bresloff et al.,
2001; Buzano & Golubitsky, 1983; Dionne et al., 1997; Dionne & Golubitsky,
1992] and more recently three-dimensional planforms, in particular, cubic
planforms [Callahan & Knobloch, 1997, 1999; De Wit et al., 1992; Dionne,
1993; Gomes, 1999]. These abstract mathematical results have applications
to many diverse physical systems, including: block copolymer melts [Bates &
Fredrickson, 1999], visual hallucinations [Bresloff et al., 2001; Ermentrout &
Cowan, 1979], the Bénard problem [Buzano & Golubitsky, 1983; Demircan &
Seehafer, 2001; Eckert et al., 1998; Golubitsky et al., 1984; Schatz et al., 1999],

reaction-diffusion systems [Callahan & Knobloch, 1999; Castets et al., 1990;
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De Wit et al., 1992; Gomes, 1999; Gunaratne et al., 1994; Ouyang & Swinney,
1991; Turing, 1952; Walgraef et al., 1982], nonlinear optical systems [Deg-
tiarev & Vorontsov, 1996; Komarova et al., 1997; Staliunas, 1998; Staliunas &
J.Sanchez-Morcillo, 2000; Staliunas et al., 1997; Vorontsov & Samson, 1998;
Vorontsov & Karpov, 1997; Vorontsov & Firth, 1994], Faraday waves [Ed-
wards & Fauve, 1994, 1993; Fauve et al., 1992], microemulsions [Gé6zd7 &
Hotst, 1996] and the polyacrylamide methylene blue oxygen (PA-MBO) re-
action [Kurin-Csorgei et al., 1998; Miinster et al., 1996; Orban et al., 1999;
Steinbock et al., 1999]. Some of these phenomena are not limited to purely
two-dimensional patterns, indeed evidence exists for three-dimensional pat-
terns in several systems, for example, reaction-diffusion systems [De Wit
et al., 1992; Gomes, 1999], nonlinear optical systems [Vorontsov & Samson,
1998; Staliunas, 1998] and the polyacrylamide methylene blue oxygen reac-
tion [Kurin-Csorgei et al., 1998; Miinster et al., 1996; Orban et al., 1999;

Steinbock et al., 1999].

The standard mathematical approach to these systems is equivariant bi-
furcation theory [Golubitsky et al., 1988]. These methods use Liapunov—
Schmidt (or centre manifold) reduction to derive a finite-dimensional system

of ordinary differential equations (ODEs), which is sometimes referred to as
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a ‘Landau equation’. We assume that this reduction has been performed
and consider a system of ODEs that are equivariant under the action of a

compact Lie group I' C O(n) acting on R™. That is, the system

&= f(z) (1)

satisfies
flyx) =~f(z)

for all v € I'. This approach, which exploits the symmetry of the system,
gives generic results concerning the possible two- and three-dimensional plan-
forms. A complete study of the so-called translation-free axial planforms has
been completed [Dionne & Golubitsky, 1992; Dionne, 1993]. A planform
is translation-free if the only translation that acts trivially is the identity
translation.

Whilst equivariant bifurcation theory can produce results that agree well
with physical observations, the modelling process naturally introduces sym-
metries that are only approximately present in the real system. If the real
system is only a ‘small’ perturbation of the idealized model then we would
expect a ‘degree’ of agreement between the model and physical system. It is
desirable to understand how the addition of small symmetry-breaking terms

to Eq. (1) influence the predictions of the model. This process is called forced
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symmetry-breaking or sometimes explicit or system symmetry-breaking. In
the context of this paper we study how three-dimensional cubic planforms
are affected by the addition of small symmetry-breaking effects. Such affects
may enter a system in a number of ways: perturbations of the boundary
conditions which break the assumed translational-invariance, or a chemical
gradient in a reaction-diffusion system. To be precise, suppose Eq. (1) has a

steady-state xg with ¥ C I" symmetry. Then ['-equivariance implies that

XO == F.’L’O

is a group orbit of steady states. Under generic conditions this group orbit is
normally hyperbolic Field [1980]. We make the additional assumption that
X is asymptotically stable, although this isn’t necessary for the methods we
describe, we assume it for physical relevance. Let A be a Lie subgroup of
. Let g be A-equivariant and £ small. Consider the perturbation of Eq. (1)

given by
F(z,e) = f(x) +eg(x).
If ¢ is sufficiently small then a theorem of Lauterbach & Roberts [1992]

guarantees the existence of a flow-invariant manifold X, for the perturbed

system. Moreover, X, is A-equivariantly diffeomorphic to Xj.
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Several authors have discussed the above formulation of forced symmetry-
breaking and applied it to different systems. Lauterbach & Roberts [1992], Lauter-
bach et al. [1996] and Maier-Paape & Lauterbach [2000] apply these methods
to reaction-diffusion systems with spherical symmetry. Guyard & Lauterbach
[1997] consider relative periodic orbits and apply their results to systems
with spherical symmetry. Hou & Golubitsky [1997] consider two-dimensional
reaction-diffusion systems on the square lattice and prove there exists an
open set of perturbations that give asymptotically stable heteroclinic cy-
cles. The work of Hou & Golubitsky [1997] was generalized by Parker et al.
[2006a,b] to perturbations on the square and hexagonal lattice and is not
limited to the ‘fundamental representation’ of the lattice. This paper con-
tinues this work with several three-dimensional examples. Specifically we
consider cubic bifurcation problems each with Q& Z$ + T? symmetry. These
bifurcation problems occurs in the study of spatially periodic solutions to
three-dimensional Euclidean-invariant systems on the cubic lattices. This
problem was considered by Callahan & Knobloch [1997] and the authors
completely classify the branching and stability of the ‘axial’ solutions in the
fundamental representation of the group @ & Z5 + T3. A solution is said to

be azial if it is guarantee to exist by the equivariant branching lemma [Gol-
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ubitsky et al., 1988; Cicogna, 1981; Vanderbauwhede, 1982]. Dionne [1993]
considers all (translation-free) representations of Q & Z$ + T? deriving all
(translation-free) axial planforms supported by the three-dimensional cubic
lattices. A representation is translation-free if there are no nontrivial transla-
tions that act trivially, and a solution is translation free if its symmetry group
has trivial intersection with the three-torus of translations. We consider per-
turbations of translation free axial solutions on the simple (SC), face-centred
(FCC) and body-centred (BCC) cubic lattices with O & Z§ symmetry. Our
results apply to any translation free axial solution on the cubic lattices with
symmetry isomorphic (but not necessarily conjugate) to @ @ ZS. More pre-
cisely, on each cubic lattice we show there exist perturbations with A C O
symmetry such that the perturbed flow has persistent steady states and ho-
moclinic cycles to these steady states. Moreover, these results apply to any
translation free irreducible representation of the lattice (with certain restric-
tions). Since our results are derived in a generic framework using only group
theory they are model-independent applying to any system of PDEs that

support three-dimensional spatially-periodic time-independent solutions.
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Organization of the paper. We formulate our abstract problem in Sec. 2.
That is, given a ['-equivariant bifurcation problem with a steady-state solu-
tion with ¥ C I' symmetry, we examine how the group orbit X, behaves
when terms with A C I' symmetry are added to the bifurcation problem.
This is studied via the abstract action of A on the homogeneous space '/,
which is I'-equivariantly diffeomorphic to the orbit space. Certain subspaces
of I’/ are flow-invariant and we consider the collection @ that consists of
those subspaces homeomorphic to a point or a circle. The residual A symme-
try has an induced action on %A which restricts A-equivariant flows on the
elements of ¥x. The elements of @ collectively form the skeleton of the ab-
stract problem. The skeleton describes all steady states and connecting orbits
that are forced to exist by the residual A symmetry. The projected skeleton
is the quotient of the skeleton by the A-action and a general argument in
topology proves that if the projected skeleton possesses a connected set in
a one-dimensional stratum then the perturbed flow has a homoclinic cycle.
In Sec. 2.2 we recall the general process employed to reduce a Euclidean-
invariant system of PDEs to a system of ODEs equivariant under the action

of a compact Lie group.

Section 3 presents a perturbation of the SC lattice that gives homoclinic
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cycles. More precisely, we show that a Ds-equivariant perturbation of a
O & Z$ + T3-equivariant bifurcation problem can give rise to homoclinic
cycles. Section 4 considers similar examples on the FCC lattice, whilst Sec. 5
considers the BCC lattice. In each case our results apply to solutions on these
lattices with symmetry isomorphic to Q@ Z$, however, they are all limited to
the fundamental representation of I'. In Sec. 5.1 we prove the results for the
fundamental representation of a cubic lattice apply, with a few restrictions,

to all translation free irreducible representations of the lattice.
Section 6 provides some concluding remarks and discusses relavant phys-
ical systems.

A general classification of the heteroclinic behaviour resulting from the

perturbations of cubic planforms is underway [Parker, 2006].

2 Problem Formulation

We begin by recalling the main points of forced symmetry-breaking of group
orbits of steady states [Lauterbach & Roberts, 1992; Lauterbach et al., 1996].
We also briefly discuss steady-state symmetry-breaking bifurcations of Euclidean-

invariant PDEs, see [Golubitsky et al., 1988; Parker, 2003; Dionne et al.,
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1997).

2.1 Forced symmetry-breaking

Let X be a smooth finite-dimensional manifold. Let I' be a compact Lie

group acting smoothly on X:

I'x X=X, (v,2) > yx.

Then Lauterbach & Roberts [1992, Proposition 1.1] prove:

Theorem 2.1. Let I be a compact Lie group acting smoothly on a finite-
dimensional smooth manifold X. Let f be a I'-equivariant vector field on
X and suppose that @y is the flow on X corresponding to f. Let Xy C X
be a compact submanifold, invariant under the flow ®¢ and the action of T.
Suppose that Xg is normally hyperbolic. Let A C T be a subgroup of I'. Let g
be a A-equivariant vector field on X. Let ®, be the flow on X corresponding
to g. Suppose that ||f — g|| < e. Then, if ¢ is sufficiently small, there exists
a unique manifold X, near to Xy, invariant under the flow ®,. Moreover,

there exist a A-equivariant diffeomorphism © : Xg — X,.

We call Theorem 2.1 the Equivariant Persistence Theorem. This nomen-

clature is non-standard, although we have used it before to refer to this theo-
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rem [Parker et al., 2006a,b; Parker, 2003]. In our applications Xy is a manifold
of solutions to a equivariant bifurcation problem (with compact symmetry
group), which generically is a normally hyperbolic manifold, see [Field, 1980].

Let x € X. The isotropy subgroup of x is the subgroup of I defined by

Y, ={yel vz =z}

The orbit of x is the set

le={yz:vyel}.

All elements on the same group orbit have isotropy subgroup conjugate to >,,.
It is well known that I'z is I'-equivariantly diffeomorphic to the homogeneous
space I'/X, [Golubitsky et al., 1988]. Here '/, = {yX, : v € '} is the space
of left cosets. It is usual to drop the x from ¥, and write ¥. The fized-point
subspace of ¥ is

Fix(¥) ={r € X : ov = z}.
If dim Fix(X¥) = 1 then X is an azial subgroup of T.
Group actions on I'/3. Let ¥ be an isotropy subgroup of I'. Let A be a

Lie subgroup of I'. Define an action of A on the space I'/% by

A x (T/S) = (T/%),  (5,75) — 67
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Let x be a point with ¥ symmetry, since the orbit X, = 'z is ['-equivariantly
diffeomorphic to I'/X, there is an induced action of A on the manifold Xj.
Suppose g is a A-equivariant vector field sufficiently close to f. Then there ex-
ists a smooth, A-invariant and flow-invariant manifold X, close to Xy. More-
over, there exists a A-equivariant diffeomorphism © : X, — X, [Lauterbach
& Roberts, 1992]. The A-action on Xj induces a A-action on X.. Further-
more, A-equivariant vector fields (or flows) on X, are the restriction of a
A-equivariant perturbation of a I'-equivariant vector field on X [Lauterbach
& Roberts, 1992, Proposition 1.3].

Let A’ be a subgroup of A. Then the fized-point subset of A’ is defined
by

Fixp/s(A') = {z € I'/S|dx =z for all 6 € A"}

Note that Fixp s is computed with respect to the A action on I'/¥ rather

than on X. The fixed-point subset Fixp /5 (A’) is invariant under A-equivariant

flows. Define the isotropy subgroup of x € T'/¥ by
Stab(z) = {0 € Aldx = x}.

This notation is used to differentiate between the isotropy subgroup of x €
['/% with respect to the A-action on I'/3, and the isotropy subgroup of

r € X with respect to the " action on X. Let x € T'/¥. Let C = C(x)
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be the connected component of Fix(Stab(z)) C I'/¥ which contains x. Let
%a be the collection of those C's which are homeomorphic to {0} or S*. If
C' € €a is homeomorphic to S!, then we call C' a connecting orbit. The set
@A is invariant under the A-action.

Let C' € €A be a connecting orbit. Choose a parametrization w for C.
We write

c.=C,.

In our work the range of w is T3, so w is determined by three coordinate

functions 0; for j = 1,2,3. Thus we write
C= 0(01,02,93)'

Definition 2.2. Let

Xa= | J Cccry/m
CECA

The set X is called the skeleton of T'/X with respect to A.

To save cumbersome language we shall use the term skeleton when the context
is clear. A A-equivariant flow on I'/¥ induces a A-equivariant flow on Xa.
Xa is a stratified manifold, in fact the strata are flow-invariant. Let z € Xa.
Let S(z) be the connected component of the stratum containing z. Define

A ={S(x)|z € Xa}. Define flow-invariant subsets of Xx as follows: given
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the set . define

Enarpsy = {9 € ZalS is homeomorphic to {0}},

Harsy = {S € 7AlS is homeomorphic to R}.

Since I'/X is diffeomorphic to Xy we also write Eax,) = Enar/s) and

Ha,xo) = H(a,r/s); it is sometimes more convenient to use this notation.

Homoclinic cycles. A heteroclinic orbit h between two steady states e;
and ey is a trajectory that is forward asymptotic to e; and backward asymp-
totic to e;. A heteroclinic cycle is an invariant set consist of the union of
the steady states eq,...,e, where the indices are taken modulo n; that is,

€nt1 = e1. If n =1 then we have a homoclinic cycle. !
Symmetry properties of the skeleton. Let C' € A or .#A. The point-
wise 1sotropy of C'is defined by

stab(C) = {0 € Alox =z for all z € C}.

There is an induced action of A on %A given by permutation. The setwise

isotropy of C' € € is

Stab(C) = {6 € A|sC' = C}.

IBetter definition.
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The pointwise isotropy, stab(C'), of C' € @, is normal in the setwise isotropy

Stab(C'). Thus we can form the quotient group:
Stab(C') /stab(C).

This group has a natural action on C.

Let C' € A be a connecting orbit and x € C'. Suppose that z is a fixed-
point of some element of Stab(C'), then x is a knot relative to C. Note that a
knot must be an element of F(a r/x), however the converse is clearly false, it
can be false even for those steady states that lie on connecting orbits [Parker

et al., 2006b]. Lauterbach et al. [1996] prove the following:

Lemma 2.3. Given e € Ear/sy or h € Hayr/sy. Then
Stab(e)/stab(e) = Stab(h)/stab(h) = 1
the trivial group.

Let Har/s)(C) denote the set {h € Har/s)|h C C}. Lauterbach et al.

[1996] give the following general symmetry constraints on @x.

Proposition 2.4. Let C € Ga with Har/s)(C) # 0. Suppose Stab(C)

contains m € N orientation reversing elements and

Stab(C')/stab(C) = D,,,
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where the convention Dy = Zy is employed. The group Stab(C')/stab(C') acts
as the group of m reflections about axes through opposite knots and m — 1
nontrivial rotations.

Suppose Stab(C') contains no orientation reversing elements; then
Stab(C)/stab(C) = Z,,

for some m € N. Where we employ the convention Z; = 1. The group
Stab(C') /stab(C) acts as rotations on C.

The rotations and reflections preserve Ha /s (C).

If Hiar/s)(C) # 0, then the knots relative to C' always occur in pairs
on X dividing C' into two connected components with the same number of
edges in Ha /s (C) on each component. There are two possible types of

behaviour [Lauterbach et al., 1996]:

Proposition 2.5. Suppose there are no knots relative to C. Then
Stab(C')/stab(C')

is isomorphic to some Zy, (with Zy = 1) and acts on Har/s)(C) by rotations
on C.
Suppose that there are knots relative to C. Then Stab(C)/stab(C) is

isomorphic to some D, (with Dy = Zy). This group acts as m — 1 non-
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trivial rotations and m reflections on Har/s)(C). The pairs of opposite

knots give the axes of reflections.

Vector fields on the skeleton. Define
m:Xa = A\Xa by 7w(z) =alz],

where a[z] is the equivalence class of all points x which are members of the
same group orbit. Let X% = A\Xa. Then X4 is called the projected skele-
ton. By the smooth lifting theorem of Schwartz (see [Lauterbach & Roberts,
1992]), 7 is surjective. So every stratum preserving smooth vector field on
[\ X lifts to a smooth I'-equivariant vector field on X, and any flow on the
projected skeleton lifts to a A-equivariant flow on the skeleton. Lauterbach

et al. [1996, Corollary 3.32] prove:

Theorem 2.6. Let h € Harysy. Then there exist A-equivariant vector
fields and corresponding flows ® on XA such that h is a heteroclinic orbit of

® connecting steady states in Ear/s).

In particular, loops on the projected skeleton give homoclinic cycles on
the skeleton.
Let C' € 6a, then C := A\C; that is, C' denotes the projection of C' into

the A-orbit space.
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The projected skeleton classifies all distinct A-orbits of steady states and

heteroclinic orbits that are forced to exist by the residual A symmetry.

Perturbed flows. The manifold X is only a model for the true perturbed
flow-invariant manifold X,. In certain cases there is a precise relation be-
tween the qualitative behaviour of flows on X, and X,. For further details
see [Parker et al., 2006a,b; Parker, 2003].

Let ©, : X — X, be the A-equivariant diffeomorphism given in Theo-

rem 2.1. Then Oy is the identity map.

Theorem 2.7. Suppose ei,e; € E(a x,) and h € Ha x,) 18 such that Oh =
{e1,e2}. Suppose the flow along h has no steady states. Then, provided € is
sufficiently small, ©.(h) satisfies: 1) 00.(h) = {O.(e1), Oc(e2)} and 2) there

are no steady states for the perturbed flow along O.(h).

Proof. This is a simple perturbation argument, the details of which can

be found in [Parker, 2003; Maier-Paape & Lauterbach, 2000] a

The following is immediate:

Corollary 2.8. Suppose the projective skeleton contains a topological circle

with a single steady-state, then the perturb flow has a homoclinic cycle.
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Proof. Theorem 2.6 guarantees the existence of flows on the connection

without steady states, then apply Theorem 2.7. O

2.2 Partial differential equations with Euclidean sym-
metry

Consider a parameterized family of PDEs

9,
au(x,t) = F (u(z,t),\) (2)

where F' : X x R — ) is a nonlinear operator between suitable function
spaces X and ), and A € R is a bifurcation parameter. The function u :
R?® x R — R" is a function in X of a spatial variable z € R* and time ¢.

Assume Eq. (2) is E(3)-equivariant, where E(3) is the three-dimensional
Euclidean group. In addition, we assume that there is an Euclidean-invariant
time-independent solution of Eq. (2) for all values of A\. Without loss of
generality we assume that this spatially uniform solution corresponds to u =
0, that is

F(0,)) =0,

for all A\. Furthermore, we assume that this solution is stable for A < 0,
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unstable for A > 0 and that A = 0 corresponds to a steady-state symmetry-
breaking bifurcation point.

We seek spatially periodic, time-independent solutions u(z,t) to Eq. (2).
A function u is L-periodic if u(z+¢) = u(x) for all £ € L. The subspace X, C
X of L-periodic functions is Xy = {f € X|f(x +¢) = f(z) for all £ € L}.
The group T' is the largest subgroup of E(3) that preserves X; that is,
vX, C Xy forall y el

The dual lattice £* of L is the set
£ ={k € R*|z — ™" is L—periodic} .
We assume that a function v € X can be written in the form

S
u(z,t) = Z 2T 4 occ (3)
j=1

where z; € C and c.c. denotes complex conjugate. The sphere |K;| = k. in
the three-dimensional k-space is called the critical sphere. If the wavelength
of the instabilities coincides with the periodicity of the functions in X, then
we call this the fundamental representation of the lattice. The dimension of
the bifurcation problem depends on the number of vectors k € £* which lie on
the critical sphere. The PDEs, by a Liapunov—Schmidt reduction [Golubitsky

& Schaeffer, 1985] or restriction to the centre manifold [Carr, 1981], give a
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system of ODEs on C°. The representation of I' on C? is determined by its
action on the complex amplitudes z; in Eq. (3). The reduction gives a system

of ODEs

z= f(sz)a

where f : C° x R — C° is I'-equivariant, f(0,A) = 0 and the Jacobian
matrix at the bifurcation point (df)e, is the zero matrix. Using standard
equivariant bifurcation theory [Golubitsky et al., 1988] we determine the axial

subgroup for this system. We call an axial subgroups X translation free if

YNT"=1.

This paper considers the three cubic lattices. Let £ be a cubic lattice. The
symmetry group of £ is T' = Q@ ZS+T3. Here O is the orientation preserving
symmetries of the cube, Z$ is inversion through the origin and T? is the group
of translations modulo £. We use + to denote the semi-direct product. Given

(71,61), (72,02) € T the product is defined to be

(71, 01) (72, 02) = (7172, 1162 + 61).
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3 Simple Cubic Lattice
The wave vector that generate the fundamental representation of the simple
cubic (SC) are:

K, =(1,0,0), K,=(0,1,0), K3=1(0,0,1),

see [Dionne, 1993]. The action of T = Q & Z$ + T? on C* is generated as

follows: choose coordinates z = (21, 22, 23) on C*, then T acts by

pa(2) = (21,73 22),
py(2) = (23,22,21),
c(z) = (71,73, 73),
0(z) = ("21,e%2,e%2).

Here p, and p, are the generators of Q, ¢ generates the group Z$, and 6 € T?.
The T-action on C* has seven conjugacy classes of isotropy subgroups [Calla-
han & Knobloch, 1997], only three are axial, of these one is translation free,
namely O @ Z§ [Dionne, 1993; Callahan & Knobloch, 1997]. We call this
the SC solution. Callahan & Knobloch [1997] show that if certain nondegen-
eracy conditions hold then the bifurcation problem is fully determined by
the third-order truncation of a general I'-equivariant vector field. In par-

ticular, the authors show that the SC solution can be stable at bifurcation,
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see [Callahan & Knobloch, 1997] for the details the stability conditions. The
group orbit of the SC solution is a 3-torus, which we denote throughout by
Xp. The coordinate system on Xy is 0 = (01,65, 05), where 6; € [0,27). The

manifold X is, generically, normally hyperbolic [Field, 1980].

Let D3 be the subgroup of I' generated by

TZ = (2_37 3173_2)7

kz = (23,%2,21).

To understand this group consider a cube and fix a arc joining two opposite
vertices through the centre of the cube. The subgroup of O that fixes this
line is given by (a conjugate of) D3. Indeed, there are four lines giving four
conjugate copies of D3. The results for the three other D3 subgroups are

isomorphic to the results derived below.

We consider a Dj-equivariant perturbation of a general I'-equivariant
bifurcation problem on the SC lattice. Since X, is normally hyperbolic
the Equivariant Persistence Theorem guarantees that if the perturbation
is sufficiently small there exists a flow-invariant manifold X, that is Ds-

equivariantly diffeomorphic to Xj.
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There is an induced D3], k]-action on X, generated by

7(01,05,05) = (—0s,01, —03),

5(91792793) - (937 _92791)-

This action implies that:

Cng[T,H} = {(07 07 0)7 (ﬂ-) ™, ﬂ-)) 0(9,79,0)7 C(Q,*Qﬂr)) 0(9,0,9)7

C(avﬂ_,a) ) 0(07970) ? C(w,@,a) ) 0(0797_9) }’

The Ds|[r, s]-action on X induces an action on %p,|,.. This computation
is straight forward and in Table 1 we list the elements of Ds[r, x| that act
nontrivially on ép,-.. A simple computation using The Ds|7, s]-actions
on Xy and on ép,[ verifies the isotropy data in Table 2.  The isotropy
data in Table 2 shows that Stab(C')/stab(C) is trivial unless C' = C(,9,—p)
with

Stab(C') /stab(C) =2 Z,

where Z, act as a reflection on the connecting orbit. Thus there is an axis
of symmetry along C(g,—9). The only steady states that lie on Cyg,_g) are
(0,0,0) and (7,7, 7). This implies these two steady states are the knots

relative to Cig,9,_g).



26 M J Parker, I N Stewart, M G M Gomes

The group action in Table 1 implies there are three group orbit represen-

tative for the connecting orbits: 6(0,_0,0), 6(9,_9,7r) and 6(9,97_0). The only

steady states on the projected skeletons are (0,0,0) and (7,7, 7). Since the

connection Cg 9 _g) has two knots it projects into the orbit space as a arc join-

ing the two knots. More precisely, we have the following relations: C'g,_g,)

connects (0,0,0) to itself, 5(97,“) connects (m,m,m) to itself and 5(979,,9)

connects (0,0,0) to (m,m, 7). Figure 1 illustrates the projected skeleton.

Theorem 3.1. Let f be an I'-equivariant bifurcation problem on the SC lat-
tice. Let Xy be the group orbit of SC solutions. Then there exists a D3|, k]-
equivariant perturbation of f such that the flow on the perturbed group orbit

of Xo has a homoclinic cycle.

Proof. The projected skeleton supports homooclinic cycles provided
that there are no additional steady states along 6(07_070) and 6(9,_”). The-

orem 2.6 guarantees the existence of such perturbations. a
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4 Face Centred Cubic Lattice

We consider the fundamental representation of the FCC lattice. The wave

vectors in this case are given by [Dionne et al., 1997]:

K, =(,1,1), Ky=(1,-1,1), Ky=(1,-1,-1), K,;=(1,1,-1).

The representation of I' on C* corresponds to the following action. Choose

coordinates z = (z1, 29, 23, 24) on C*, then T-action is generated by

pe(2) = (21,21, 22, 23),
py(2) = (%3,71, 22, 21),
c(z) = (71,2 % %),
0(z) = (e_i(01+03)zl, €027, ! (02403) o e 0z,).

The notation used is the same as in the SC case. The I'-action on C* has
fifteen conjugacy classes of isotropy subgroups, only four are axial, and there
are two conjugacy classes of translation free axial subgroup given by O & Z§
and O ® Z5: the FCC and double-diamond solutions, respectively [Callahan
& Knobloch, 1997; Dionne et al., 1997]. We consider only these two solutions.

Callahan & Knobloch [1997] show that if certain nondegeneracy condi-

tions hold then the bifurcation problem is fully determined by the third-order
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truncation of a general I'-equivariant vector field. Indeed, they compute a
normal form and classify the bifurcation diagrams. The authors show the
FCC and double-diamond solutions can be stable at bifurcation, but not si-
multaneously. The group orbit of FCC and double-diamond solutions are
3-tori and, generically, are normally hyperbolic [Field, 1980]. We consider
the FCC solution with group orbit X, and later show these results apply

directly to the double-diamond solution.

Unlike the SC case we give three different perturbation that give rise
to homoclinic cycles. The symmetries of the perturbations are: Dy[p, k1],
T[r, p1] and D3|, k]. The Dj[r, k] subgroup is identical to the group in the
SC case. The actions of these groups are generated as follows. The group

D,[p, k1] is generated by:

pz = (Z47217Z27Z3)7

R1Z2 = (Z_172_47 Z_?n Z_2)

The group T[r, p1] is the symmetry group of a tetrahedron and is generated

by

TZ = (3_27 '2_37 21, Z4)
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and p; = p*. Finally, the action of D3|, k| is generated by 7 and
K = (227 2172_372_4)-

The group Dy[p, k1] is the subgroup of O that fixes an axes through the
midpoint of two opposite faces through the origin. There are three conju-
gate subgroups of @ with this property corresponding to the three mutually
perpendicular axes (through opposite faces) in the cube. The results for the
other two D, subgroups are isomorphic to the results we derive for Dy[p, r1].
The group T[r, p1] is the subgroup of O corresponding to the symmetry group
of a tetrahedron. There is only one conjugacy class of this subgroup in O
(T has index 2 in @). The subgroup D3 was discussed above and similar
comments remain true.

We examine the effect on the FCC group orbit when perturbation terms
with Dy[p, k1], T[r, p1] and Ds[r, x| symmetry are added to a general I'-
equivariant bifurcation problem. Below we show these result apply to the
double-diamond solutions with only minimal changes. In each case the Equiv-
ariant Persistence Theorem guarantees the existence of a flow-invariant man-
ifold X, that is diffeomorphic to X, where the diffeomorphism is equivariant
with respect to the symmetry of the perturbation.

The groups listed above have induced actions on X, these are generated
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p(01,05,05) = (—(02+05),—(01 +05),0, + 05+ 05),
k1(01,02,03) = (014 03, —0y,—03),
7(61,02,05) = (61, —(02+405),0, — 6:)

k(b1,02,05) = (—=01,—(01+03),6, —0s)

Verification of these actions is straightforward. The induced actions on X

imply:

CDapr) = 1(0,0,0),(0,0,7), (7, 7,0), (m,m, ), (37/2,7/2,7),(7/2,37/2,7),
C0,0,0) Cirr,0) C0,0,0)> C(9,-0,0)> C0,~0,7)> Cl0,0,-0)> C(0,6,—20),
C0,0,7—0) Clo4m0,1), Clo+r.0,—20)}
Crirp) = {(0,0,0), (m,7,0), (37/2,7/2,7), (7/2,31/2,7),C9,0,0), Ct0,~0,0)5
Co,-0,r), C0,-0,20), C6,—0,—26)> C(30,0,—260)> C(6,30,—26), C(0,0,—26)
Co4m,0,7)s Clo47,0,—20) } -
Cpyrn] = 1(0,0,0), (m,m,0),C0,0,0), Ctr,0,0): C(30,0,—20)> C0,0,—8> C,0,7—0)

C0,0,0) Claym0) }- (4)

The action of Dy[p, k1], T[r, p1] and Ds[r, k] on X, all induce actions on

the sets €D, [p,k1], CT[r,py) and Gp,r k) respectively. To describe the action of
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T[7, p1] on @rirp, it is useful to introduce some additional notation. We let
T = Tp%, To = T2p?, T3 = p*12p?, po = 737 and p3 = 773. The elements p;,
J = 1,2,3 have order 2 and the elements 7;, j = 1,2,3 have order 3. This

notations implies that

_ 2 2 3 2
T[Ta Pl] - {€7p17p27p377—77— 77—177—177—277—277—377—3}

where e denotes the identity element. The actions of Dy[p, k1], T|r, p1] and
Ds[7,x] on Xj all induce actions on the sets Gp,jpx.]y €Tirpy] a0d Gy
respectively are contained in Tables 3-5. In each case only those elements
acting nontrivially are shown. Using the group actions on X, and the entries
from Tables 3—5 we can derive the pointwise and setwise isotropy subgroups.

This isotropy data is contained in Tables 6-8.

The Dy[p, k1] case. The Dy|p, k;]-action on €p,[, ., in Table 3 implies
there are six group orbit representative for the connecting orbits in €p, [ x,]-

We take

6(0,0,0) ) 6(7r,7r,09) ) 6(9,9,0) ) 6(0,79,0)7 6(9,79,#) ) 6(9+7r,0,7r) .

The representatives for the steady states are (0,0,0), (0,0, 7), (7, 7,0), and

(37/2,m/2,7). Each connecting orbit C' satisfies

Stab(C') /stab(C) =2 Z,
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where Z, acts as a reflection on the connecting orbit. This implies that each
connecting orbit has two knots. The connection Cg ) is different from the
other connecting orbits. The two knots are (37/2,7/2,7) and (7/2,37/2,7),
but since these points lie in the same group orbit, they project into the orbit
space as one point. Thus the group orbit representative 6(9+7r,0,7r) connects
the representative (37/2,7/2,7) to itself. The Dy[p, k1]-action means it is
sufficient to determine the knots relative to the group orbit representatives
listed above. This information is summarized in Table 9.

We now compute the projected skeleton. The orbit representatives for the

steady states are (0,0,0), (0,0,7), (7, 7,0), and (37/2,7/2, 7). As discussed
above each connecting orbit has two knots, this implies that each connecting
orbits projects into the orbit space as a arc joining the two knots. The precise

relations are as follows:

1. C(op,0) connects (0,0,0) to (0,0, 7),

2. C(x ) connects (0,0,7) to (m,m,0),

3. Cg,0,0) connects (0,0,0) to (m,m,0),

4. C(y,—9,0) connects (0,0,0) to (r,m,0),

5. C(g,—o,m connects (0,0,7) to (37/2,7/2,7),
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6. C(g4r0x connects (3m/2,7/2,m) to itself.

In Fig. 2(a) we illustrate the projected skeleton. Since the projected skeleton

contains a loop we immediately deduce the following result.

Theorem 4.1. Let f be a Q & ZS + T3-equivariant bifurcation problem. Let
Xy be the group orbit of FCC solutions. Then there exists a small Dy[p, k1]-
equivariant perturbations of f such that there exists a persistent steady state

on Xy and a homoclinic cycle to this steady state.

Proof. The follows from Corollary 2.8. O

The projected skeleton can potentially support dynamics considerably

more complex than homoclinic cycles. For example, the projected skeleton

can support a heteroclinic cycle between the steady states (0,0, ), (7, ,0)
and m Proving the existence of this cycle requires knowledge of the
D,[p, k1]-invariants and -equivariants. Using these we can attempt to classify
the flows for different Dy[p, k1]-equivariant perturbations, along the lines
given in [Parker et al., 2006a,b]. These computations would be long and

involved and are not pursued here.



34 M J Parker, I N Stewart, M G M Gomes

The T[r, p;] case. Our analysis of the T|[r, p;] case follows identical lines
to those presented for the Dy[p, k] case and we shall be brief.
The entries of Table 4 imply there are three orbit representatives for the

connecting orbits:

6(0,9,0), 6(0,—0,@ ) 6(0,—0,20)-

The representatives of the steady states are: (0,0,0), (7, 7,0), and (37/2,7/2, 7).

The orbit representative 6(07_0720) has no knots, since the quotient group
Stab(C(g,_g,gg))/Stab(C(g’_g’Qg))

is trivial. The computations of the knots relative to the orbit representatives

6(9,970), 6(9,,”) are straightforward since each contain two steady states.
In each case we compute the knots relative to the representatives 6(9,970),
6(9,_9,7r) since the remainder follow by symmetry. Following the standard

approach we find that the T[r, p;]-orbit representatives for the connecting

orbits have the following connectivity properties:

1. Clg,0) connects (0,0,0) to (m,,0),

2. Clg,—9,20) connects (0,0,0) to (3m/2,7/2,7) then to (7, ,0), back to

(37/2,m/2,7) and finally returns to (0,0, 0),

3. C(g,—0,x connects (3m/2,7/2,7) to itself.
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The properties of the final connection follow since (7/2,37/2,7) = (37/2,7/2, ).

Figure 2(b) illustrates the projected skeleton.

Theorem 4.2. Let f be a Q @ ZS + T3-equivariant bifurcation problem on
the FCC lattice. Let Xy be the group orbit of FCC solutions. Then there
exists a small T[r, p1]-equivariant perturbations of f such that there exists
a persistent steady state on the perturbed group orbit of Xy and homoclinic

cycle to this steady state.

Proof. The follows from Corollary 2.8. O

Like the Dy[p, 1] case the projected skeleton allows more general dynam-
ics than homoclinic cycles. However, an investigation into these possibilities

is beyond the scope of this paper.

The D;[r, k] case. Our final example follows identical lines to those illus-
trated above and our description will be brief. The isotropy data in Table 5
implies that only one connecting orbit possesses knots. More precisely, the
connecting orbit C(sgg,—20) has two knots given by the steady states (0,0, 0)
and (m,7,0). The Djr, k]-orbit representatives for the connecting orbits

are 5(0,9,0), 6(7“9,0), and 6(3079,_20). The orbit representatives for the steady
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states are (0,0,0) and (7, 7,0). It is now a routine verification to derive the

projected skeleton shown in Fig. 2(c).

Theorem 4.3. Let f be a ODZS +T3-equivariant bifurcation problem on the
FCC lattice. Let Xy be the group orbit of FCC solutions. Then there exists
a small D3|y, ks]-equivariant perturbations of f such that there exist two
persistent steady states on the perturbed group orbit and homoclinic cycles to

these steady states.

Proof. The follows from Corollary 2.8. O

Double-Diamond solutions. The results derived above for the FCC so-
lution remain true, with some minor changes, if we replace the group orbit
of FCC solutions, with the group orbit of double-diamond solutions. We
provide direct verification of this claim, subsequently Lemma 5.3 provides a
general argument that is representation independent. The isotropy subgroup
O®Z of the double-diamond solutions is generated by (p, (0,1/2,1/2)) and

(py,(1/2,0,0)). A simple computation shows that

Fix(0 ® Z5) = {(—z, z, 2, z)}
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where z is non-zero and real. It is easily verified that the induced O @ Zs-
action on Xj is isomorphic to the Q@ Z§-action on X,. That is, the O-action
on I'/O®ZS is isomorphic to the G-action on I'/OSZS. The groups Dy[p, £1],
T[r, p1] and Dj3[r, k] are all subgroups of Q. Let D, be the subgroup of O
isomorphic to Dy[p, k1], and similarly for T and D3. Then the D,-action on
F/@ @ Z§ is isomorphic to the Dy[p, k;]-action on I'/O & Z5. Therefore, all
fixed-point subspaces and symmetry results are identical, in particular, the
projected skeletons in the two cases are identical. Similar comments hold for
the groups T and 15;,

Care must be taken when interpreting these result in physical space due to
the different ways the tori are realized in C*. That is, the group orbit of FCC
solutions is given by I'(x, z,z, ) whilst the group orbit of double-diamond

solutions is given by I'(—z, x, z, ).

Corollary 4.4. Let f be a O & Z$ + T3-equivariant bifurcation problem on
the FCC lattice. Let Xy be the group orbit of double diamond solutions. Then
there exists a small ]3;— T- and ]i,—equivariant perturbations, such that the

perturbed flow on the perturbed group orbit of Xy has homoclinic cycles.

Proof. This follows from Corollary 2.8 and the discussion above. O
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5 Body Centred Cubic Lattice

We consider the fundamental representation of I' = Q @ Z, + T2 on the
BCC lattice. In this case the representation of @ @ Z, + T? is on C® and is

generated by:

pe(2) = (24,21, %2, 23,, %, %5),
py(2) = (25,7, 2%, 22, 23, 21),
c(2) = (71,7, 7,71, %, %),
0(z) = (6—1(01+02+03)Zh e‘i<01+03)z2, e‘i(01_92)23, ez, 6—1(02+93)Z57 €_i0226)-

The notations is the same as the SC and FCC cases. The I'-action on C° has
a large number of conjugacy classes of isotropy subgroups; there are sixteen
with fixed-point subspace of dimension two or less [Callahan & Knobloch,
1997]. There are three conjugacy classes of translation free axial subgroups:
O o Zs, @, and D, @ Z5 [Dionne et al., 1997; Callahan & Knobloch, 1997].

Callahan & Knobloch [1997] compute the generate form of a Q& Zy +T3-
equivariant vector field showing there is a quadratic equivariant. The pres-

ence of the quadratic term leads to a more involved analysis than the cor-
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responding SC and FCC problems. Indeed, local to the origin, all solutions
are unstable at bifurcation [Golubitsky et al., 1988]. Callahan & Knobloch
[1997] adopt a well-known approach: they introduce an extra Z,[—I] sym-
metry which removes all even order terms, then weakly unfold the quadratic
term. The authors show the bifurcation problem with the extra Zs[—I] sym-
metry has stable solutions with O & Z$ and 0 symmetry, but not simulta-
neously. The solution with D, & Z5 symmetry can never be stable. Upon
unfolding the quadratic degeneracy the authors show the O® Z§ and 0 sym-
metric solutions can be stable, but not simultaneously. We call the solution
with O Z$ symmetry the BCC solution. Our work concentrates on the BCC
solution. As with the SC and FCC cases, this solution is normally hyperbolic
and its group orbit is diffeomorphic to a 3-torus. We denote the group orbit

by X()-

We consider two perturbations of Xy, one with T[r, p;] symmetry and the
other with Dj3[7, k] symmetry. The notation is identical to that introduced

previously. The action of T[r, p;] on C°® is generated by

TZ = (247Z_57Z_272_67 2373_1)

p1z = (237Z47317227Z_57Z_6)
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and the action of Dj3|7, k] is generated by 7 and
KRz = (267 22y %5 '2_47 23 Zl)-

By the Equivariant Persistence Theorem if the perturbation is sufficiently
small X persists to give a flow-invariant manifold X, that is equivariantly
diffeomorphic to Xj.

There is an induced action of D3[7, k] and T|[r, p;] on X, and it is straight-

forward to verify that the generators of these groups act by:
7(01,05,05) = (02,01 + 0y + 03, —20, — 03)
k(61,02,05) = (=01, —(01 + 02 +63),20, + 65)
p1(01,05,05) = (01 + 63, —05,—03).
The induced actions of Ds[7, x| and T|r, p;| imply that:
Crirp = 1(0,0,0),(0,7,0), (7, 0,0), (7, 7,0),C,00) C0,6,0) C0,0,0):
C0,0,-0), C0,0,—9), C(0,6,—6)» C(9,x,0)» C(x,0,0), C(6,0,—20),
C047,0,—20) } -
Cpyr; = 1(0,0,0), (m,7,m),Cl9,-9,0), C(9,~0,x)> C0,0,~0), C0,0,—20)
Cr0,7—20): C0,0,—20), Clo,5,7—20) }-

The Ds|7, s]- and T|[7, p; |-actions on X, induce actions on 6p, |, and Cryr ]
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respectively. These actions are listed in Tables 10 and 11. In each case we
list those elements which act nontrivially. In Table 11 we adopt the same
notation to describe the elements of T[r, p;] introduced in the FCC case.
Using the group actions on X, and the entries of Tables 10 and 11 we compute
the isotropy data for our perturbations. The isotropy data for the Dj3[7, k]
group is contained in Table 12 and the isotropy data for the T[r, p;] group is

contained in Table 13.

The Djr, k| case. The analysis now follows similar lines to the SC and

FCC cases. Table 12 shows that

Stab(c(g,g’_g))/Stab(C(g’g,_g)) = Zg

and it is trivial otherwise. Since

Stab(c(g,g’_g))/Stab(c(g,g’_g))

acts by reflection on Cg g _g) there is an axis of reflection symmetry and this
axis joins the two steady states: (0,0,0) and (m,7,7), which are the two
knots. Thus the connecting orbit C(g9 g projects into the Ds|r, x]-orbit
space as a arc joining the two knots. Since neither of the other connecting

orbits have knots they project into the orbit space as topological circles
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joining the steady states that lie upon them. The complete connectivity

relations are given by

Q)

(0,0,—0) connects (0,0,0) to (7,7, ),

(0,—0,0) connects (0,0,0) to itself

Q)

2.

Q)

3. C(g,—9,r connects (m, 7, ) itself.

Figure 3(a) illustrates the projected skeleton.

Theorem 5.1. Let f be a QO @ ZS + T3-equivariant bifurcation problem on
the BCC lattice. Then there exists a Dj3[T, k|-equivariant perturbation of f
such that there exists two persistent steady states on the perturbed group orbit

of the BCC solutions and homoclinic cycles to these steady states.

Proof. This follows from Corollary 2.8. O

The T[r, p;] case. The group action in Table 11 shows there are three

representatives for the connecting orbits:

C 0,00 C(0.0,0): C(0,7,0)»

The representatives for the steady states that lie on the connecting orbits

are (0,0,0) and (0, 7,0). The connection 5(9,0,0) has two knots given by the
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steady states (0,0,0) and (0,7,0). The connection C(pr0) has two knots

given by (0,,0) and (7, 7,0) = (0,7,0). The connection C(p0,9) has no

knots. The connectivity relations are:

1. Cl(gp,0) connects (0,0,0) to (0,m,0),

(0,0,0) connects (0,0,0) to itself,

Q)

2.

3. 6(9,7“0) connects (0,7, 0) to itself.

Although the connection 6(9%0) has two knots, they project into the orbit

space as the same point. Figure 3(b) illustrates the projected skeleton.

Theorem 5.2. Let f be a O ZS+T3-equivariant bifurcation problem on the
BCC lattice. Then there ezists a T[t, p1]|-equivariant perturbation of f such
that there exists two persistent steady states on the perturbed group orbit of

the BCC solutions and homoclinic cycles to these steady states.

Proof. This follows from Corollary 2.8. O

Although the projected skeletons X’]’DS ] and X‘;[T,pl] are isomorphic, the
dynamics resulting from these perturbations are not the same; the skeletons
are not the same, with a different number of persistence steady states and

connecting orbits.
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5.1 24- and 48-dimensional representations

This section considers the high-dimensional representations of the SC, FCC
and BCC lattices; that is, when the wavelength of the instabilities do not co-
incide with the periodicity of the lattice. The symmetry group of the lattices
is unchanged: T' = O @ Z$ + T?. Dionne [1993] gives a complete classifica-
tion of all Bravais lattices that support translation free absolutely irreducible
representations of I'. The cubic lattices support two types of twenty-four-
dimensional representations, although only one type on the FCC lattice can
be translation free, and each lattice supports a forty-eight-dimensional rep-
resentation. The details of the wave vectors and defining conditions for these

representations can be found in [Dionne, 1993; Dionne & Golubitsky, 1992].

Dionne [1993] provides a complete classification of the translation free
axial planforms on the SC, FCC and BCC lattices. This information is sum-
marized in Table 14. We indicate the generators for the twisted subgroups
isomorphic to O@ Z$ since our theory applies to these groups. On the SC lat-
tice the translations are in the directions of the generators of the SC lattice,
namely ¢; = (1,0,0), f5 = (0,1,0) and ¢3 = (0,0,1). On the FCC and BCC
lattices the situation is more subtle since the generators of these lattices are

not so straightforward. The FCC lattice is generated by ¢; = (1/2,1/2,0),
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ly = (—1/2,1/2,0) and ¢3 = (0,1/2,1/2) and the BCC lattice is generated
by ¢, = (1,0,0), ¢, = (0,1,0) and ¢3 = (1/2,1/2,1/2). On these lattices the
generators of the twisted subgroups are given in terms of the generators of

the lattice. Complete details of these lattices can be found in [Dionne, 1993].

For certain axial solution in the 24- and 48-dimensional representations
the results from the fundamental representations apply. Indeed, give any
axial solution with ¥ = O & Z§ symmetry the homogeneous space I'/¥ is
[-equivariantly diffeomorphic to the orbit space. Given any Lie subgroup
A C T the abstract action of A on I'/¥ is independence of the represen-
tation of I'. This implies all symmetry-based results are identical to the
fundamental representation and, in particular, the projected skeletons are

the same. However, more is true as the following lemma shows:

Lemma 5.3. Consider a T = Q @& Z5 + T3-equivariant bifurcation problem
on a cubic lattice. Let ¥ = O & Z§ and S=09 Zs, where O is a twisted
subgroup of @ + T?. Then, the action of O on T'/3 is isomorphic to the

action of © on T'/3.

Proof. Let the generators of @ be p, and p,. Since O is a twisted
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subgroups of @ 4 T3 its generators have the form

(,Ow,Oé), and (py76)'

where a = (aq, ap, a3) and B = (81, Ba, f3) are elements of T?.

Since O and O are isomorphic there exists f : QO — O such that

f(v) = (r,9),

for all v € @. Here ¢ is the twist of the element 7 in the group 0. Define

A:T/S =T/ by
A((7,0,£D)%) = (7,0 + ¢, )%

Here £1 represents the component of Z§. The map A is a linear isomorphism

and we claim that:
A((pz,0,0)(7,0, £D)Y) = (ps, @, 0) A ((7,0,£1)X). (5)

Here we have regarded the elements of O as elements of Q & Z§ + T? with
no translation and no inversion.

We begin with the left-hand side of Eq. (5)

A((p2,0,0)(7, 0, £0)%) = A((pay, put, £1)E) (6)

= (pes pub) + 6, £1)E (7)
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where &5\ is the twist of the element p,v in 0. (More precisely, it is the twist

of f(ps) in ©.)

Next consider the right-hand side of Eq. (5). A computation shows that
(pxa «, 0) A ((,),, 0, j:[)E) = (Px’)/, Pzl + pad + iI)- (8)
Now we compute

(P2, @, 0)(7, @) = (P2, @ + @, 0).

So the twist of f(p,7) is px¢ + o Using this computation in Egs. (6) and (8)

shows that

(02,2, 0) A((7,0,£0)%) . = (P27, put + pu + @)

= (peys pab) + B).

This verifies the claim. A similar computation shows that

A ((py; 0,0)(7,0,£1)E) = (py, 8,0) A((7,0,£1)%),

which proves the result. O

Using Lemma 5.3 we may apply the results for the fundamental repre-

sentations of the cubic lattices to the 24- and 48-dimensional representations
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of the cubic lattices, provided the axial subgroups is isomorphic to O @ Z$.
Of course, the perturbations we choose have to be changed in the appropri-
ate way. For example, consider the 24-dimensional type 1 representation of
the SC lattice. There are two axial subgroups isomorphic to O @ Z$, these
are O @ Z§ itself and 0O Z5. Let f be the isomorphism between O and
O, then O is generated by f(p,) and f(py). Consider the subgroup Dj3|7, K]
of @. We proved in the fundamental representation of the SC lattice there
exists Dj3[7, k|-equivariant perturbations that give homoclinic cycles on the
perturbed group orbit. We have already seen that these results generalize to
the 24-dimensional type 1 representation when the axial subgroup is Q@ Z5.
Consider the group Ds[f(7), f(k)] of O. By Lemma 5.3 the Ds[f(7), f(x)]-
action on I'/Q @ Z¢ is isomorphic to the Dj[r, £] action on I'/Q @ Z5. This
implies all symmetry based results are isomorphic and the projected skeletons
are isomorphic. In particular, there exist D[f(7), f(x)]-equivariant pertur-
bations of a I'-equivariant bifurcation problem in the 24-dimensional type 1
representation such that the solution with Oa Z5 symmetry has homoclinic
cycles for perturbed flow.

We generalize these observations in the following theorem:

Theorem 5.4. Let T = O @ Z5 + T3, let & = O Z5. Let S be any
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twisted subgroup listed in Table 14 isomorphic to 3. Let p,, p, denote a set
of generators for QO and let (py, ) and (py, ) denote a set of generators for
O CX. Let f be an isomorphism between S and S such that f(py) = (pg, @)

and f(py) = (py, B)-

Then

1. On the SC lattice there exist perturbations with ﬁ),[f(T), f (k)] symme-

try that give homoclinic cycles for the perturbed flow.

2. On the FCC lattice, homoclinic cycles exists for perturbations with

ﬁl[f(ﬂ), F(&)], TIF(7), f(p)] and Ds[f(7), f(x)] symmetry.

3. On the BCC lattice, homoclinic cycles exists for perturbations with

T[f(7), f(p1)] and Ds[f(7), f (k)] symmetry.

Proof. This follows from Lemma 5.3 and the results from the fundamen-

tal representations of I' on the SC,FCC and BCC lattices. O

6 Conclusion

This paper presents examples of forced symmetry-breaking of SC, FCC and

BCC planforms. The perturbations were chosen so the perturbed flow always
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had steady states and homoclinic cycles. Our examples are not limited to the
fundamental representations of the cubic lattices and apply quite generally

to all translation free irreducible representations of the cubic lattices.

For each perturbation we enumerated all projected skeletons, thus classi-
fying all persistent steady states and heteroclinic orbits between the steady
states that are forced to exist by the residual symmetry. Whilst this allows
us to prove the existence of homoclinic cycles, the projected skeletons can
support dynamics considerable more complex than this. Consider, for exam-
ple, the Dy[p, k1]- and T|r, p;]-equivariant perturbations on the FCC lattice.
There exist scenarios where heteroclinic cycles can exist between the steady
states on the projected skeletons in these cases. Indeed, Theorem 2.6 guaran-
tees the existence of heteroclinic orbits between the steady states, but it does
not guarantee these flows can be arranged to form a heteroclinic cycle. In-
deed, although certain flows are permitted, they could be non-generic, Parker
et al. [2006b] give an example on the hexagonal lattice where any flow on the
projected skeleton resulting in a heteroclinic cycle must be non-hyperbolic.
Further investigation of these elaborate dynamics requires detailed knowl-
edge of the group invariants and equivariants. We have not examined the

stability of any of our homoclinic cycles and again detailed knowledge of
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the group invariants and equivariants is required to answer the stability is-
sues. Notwithstanding the restrictions on our results, they are still fairly
general and provide a countable collection of homoclinic cycles on the cubic
lattices. These results extend the general classification theory for perturba-
tions of two-dimensional planforms presented in [Hou & Golubitsky, 1997;
Parker et al., 2006a,b] to three dimensions. A more complete classification

is underway [Parker, 2006].

Spatially periodic patterns arise in many different physical systems, with
many examples being given in the introduction. There are three main ar-
eas where three-dimensional patterns are of interest: reaction-diffusion sys-
tems [De Wit et al., 1992; Gomes, 1999; Gunaratne et al., 1994; Callahan
& Knobloch, 1999; Castets et al., 1990; Ouyang & Swinney, 1991; Ouyang
et al., 1992; Turing, 1952; Zhou et al., 2002; Walgraef et al., 1982], the PA-
MBO reaction [Orban et al., 1999; Kurin-Csorgei et al., 1998; Miinster et al.,
1996; Miinster, 1999; Steinbock et al., 1999] and certain nonlinear optical sys-
tems [D’Alessandro & Firth, 1992; Degtiarev & Vorontsov, 1996; Staliunas,
1998; Staliunas & J.Sanchez-Morcillo, 2000; Staliunas et al., 1997; Vorontsov
& Samson, 1998; Vorontsov & Firth, 1994; Vorontsov & Karpov, 1997]. The

literature on this subject is controversial and a definitive answer concerning
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the dimensionality of some patterns in these systems is still lacking, for exam-
ple, the black-eye instabilities seen in the CIMA reaction [Gunaratne et al.,
1994; Yang et al., 2002; Gomes, 1999], although such uncertainties are not
limited to reaction-diffusion system and are present in both nonlinear optical
systems and the PA-MBO reaction, see the literature cited above for details.
Our results should shed some light onto the dimensionality of these patterns;
we have shown that three-dimensional planforms on the cubic lattices are
robust to small perturbations of the underlying symmetry-based modelling
assumptions.

Our results are not limited to the systems mentioned above. Indeed they

apply to any system exhibiting steady triply-periodic solutions.
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Tables

Table 1: Induced Dj|7, k]-action on %p,|, for the SC lattice. Only those

elements acting non-trivially are shown.

Element of ép,(-, Elements of Ds[7,x] Action

Clo,-0,0) T, K Clo,0,0)
TR, T Cl0,00)
Co,-0,r) T, K Clr .0
TR, T Clo.x.0)
C'(0,0,0) T, TK C(a,—a,o)
2, %K Clo,0,0)
Clo,r.0) T, TK Co,—0,r)
2, 2K Clr .0
Clo,0,0) T, T°K Clo.0,0)
2, K Clo,-0,0)
Clr .0 T, K Clo,r0)

T, T°K 0(9,,9“)
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Table 2: Isotropy data for C' € 6p,[; on the SC lattice.

C € 6pyjrx stab(C) Stab(C)
(0,0,0)  Dsfr,n] Dylrs]
(7,7, m) D37, k] Ds[r, K]
Clo,-6.0) Zy[m?K]  Zo[TK]
Clo,—0.7) Zs[*K]  Zy[TK]
Clo,0,-0) Zsr] Zs[~]
Clo,r,-0) Zsr] Z,[x]
Clo,0,-0) Zoltk]  Zo[rH]
Clrp,-0) Zs[tk]  Zs[TH]
Cl0,0,0) Zs|r] D37, K]
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Table 3: Induced Dy[p, k1]-action on 6p,,,x,] for the FCC lattice. Only those

elements acting nontrivially are shown.

Element of ép,[,.,] Elements of Dy[p, s;] Action

(0,0,m) p, P°, pk1, PR (m,m,7)

(mr, m, ) p, p°, ph1, PRy (0,0,7)
(3m/2,7/2, ) 0, P, K1, PPR1 (/2,31 /2,7)
(r/2,3m/2,7) p, %, K1, PPK1 (3m/2,m/2, ™)
C(o,o,a) P /03, PK1, P?’fil C(e,a,—a)
Cr,m) Py P2, pr1, PPR1 Co,0,7—0)
Cl0,0,0) ps PP, K1, PPK1, Clo,0,—20)
C(a,e,—e) P /03, PK1, P?’fil C'(0,0,9)
C0,0,—20) ps P75 K1, PPK1, Cl,0,0)
C0,0,7—0) ps PP, pk1, PPR1 Clrr0)
Co47,0,m) p, P*, K1, pPE1, Clo4r,0,—20)

C(0+7r,9,720) P, P3, K1, P2/€1, C(9+7r,9,7r)
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Table 4: Induced T[r, p;]-action on r[;,, for the FCC lattice. Only those

elements acting nontrivially are shown.

Element of 67[;,, Elements of T|r, p;] Action
(3w /2,7/2,T) T, 72, T, TE, T2, Ta, T3, T2 (7/2,3m/2, )
(/2,31 /2,7) T, T2, T, TE, T2y Tay T3, T2 (3W/2,7/2, )
0(9,0,0) 712, T2, 72, T3 09,0,—29)

T, T2, T, T2 Clo,-0,0)
Clo,-0,0) Ti, T3, T, T4 Clo,0,—20)

L, Toy T2, T3 Cl,0,0)
Clo,-0,r) Ti, Ty, Ty Ty Clo+r,0,—20)

T127 T2, 7—27 T3 CG-I-W,G,W)
Clo,-0,20) P2, Tay T C0,30,—20)

pi, T, T3 Clo,—0,—20)

3, Ta, T3 C30,0,—20)
C(e,—e,—za) P2, T1, T3 030,9,—20)

2 92
p1, T, T4 C

2
P3, Tiy T C

P1, T1, T2 09,39,—20)

P2, TE, T3 Co,-0,—20)
C0,30,—20) p3, T1, T2 Co,—6,—20)

P1, 712, T22 039,9,729)

P2, T2, T Ca,—9,29)
Clo,0,—20) T, Ty T,y T4 Clo,0,0)

T, Ty, T2, T3 Clo,-0,0)
Clo4m0,7) Ti, Tay Ty T2 Clo4r.,0,—20)

Ti, 7'22, T, 7'32 Co,—0,r)
C(9+7,0,—20) Ti, Tyy Ty T3 Clo4m,0,m)

(
(
(
(
(
(
(
(
(
(
(
(
C30,0,—20) P3; T3, T3 Co,-0,20)
(
(
(
(
(
(
(
(
(
(
(

2 2
T, Toy Ty T3 C
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Table 5: Induced D[, k]-action on @p,[- for the FCC lattice. Only those

elements acting nontrivially are shown.

Element of €p,(-, Elements of D3[r,x] Action

Cl0,0,0) T, TK Clo,0,-0)
2, K Cl0,0.0)
Clr 0,0 T, TK Clrp,5-0)
2 K Clrm0)
Cl0,0,—9) T, T°K C0,0,0)
2 TR Cl0,0,0)
Clrp,m—0) T, 72K Clrm0)
2, 7K Clr0,0)
C(o,o,e) T, K C(o,a,o)
2, 72K Clo.0,—0)
Clrm0) T, K Clr 0,0
72, 7%k Cron-0)
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Table 6: Isotropy data for C' € 6p,[,,) on the FCC lattice.

C € p,jpr stab(C) Stab(C')

(0,0,0) Dy[p, 1] Dy[p, 1]
(0,0, ) Dy[p?, k1p°]  Dalp?, k1p"]
(m, m,0) Dy[p, 1] Dy[p, 1]
(m, m,7) Dylp®, k1] Dafp?, k1p’]

(37/2,7/2,m) Ds[p? k1p’] Dolp?, k1p’]

(7/2,37/2,7) Dy[p* k1p*] Dalp?, k1p’]

Cl0,0,0) Zo[k10?] D, [p?, kp?]
Clrr0) Zo[r1p?] D, [p?, kp?]
Clo,00) Zo[k1p’] D, [p?, k1]
Clo,-0,0) Zy[p) Dy[p, k1]
Co,-0.7) Zs[p’] Dy[p, k1]
Co,0,—0) Zs k1] Dy[p?, k1]
Cto,0,~20) Zo[r1p) Dy[p?, k1p°]
Clo.0.7—0) Zs[k:] Dy[p?, k1]
Clo4,0,7) Zs[k1p%] D [p?, k1p°]

C0+7.,0,—20) Zs[k1p%] Dy [p?, k1p?]
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Table 7: Isotropy data for C' € 6tr,, on the FCC lattice.

C € Crirpy stab(C')  Stab(C)

(0,0,0) Tir, ;] 7, 1]
(m,m,0) T(7, p1] T[r, p1]
(3w/2,m/2,7) Dalp1,p2] Dalp1, po]

(7/2,3m/2,7) Dalp1, p2] Dalp1, po]

Cio.0,0) Zs[p1] Ds[p1, po]
Co,-0.0) Zs[p1] Ds[p1, po]
Co,-0.7) Z>[p:] Ds[p1, ps]
Clo,-0,20) Z3[71] Zs[]
C(a,-a,-%) Z; [72] Zs [72]
C(30,0,—20) Z3[73] Zs[75]
0(9,39,729) Zs [73] Zs [73]
Co,0,-20) Z[ps] Dy[p1, po]
Clo+m0,m) Zs[ps] Ds[p1, po]

C9+7,0,—20) Z;[ps] Ds[p1, p2]
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Table 8: Isotropy data for C' € 6p,[;, on the FCC lattice.

C € 6pyjrx stab(C) Stab(C)
(0,0,0) Ds[r, 5] D3t K]
(7, 7,0) D;[r, k| Ds|r, K]
Cl0,0,0) Zy[T%k]  Zo|T?K]
Clr0,0) Zy[T%k]  Zo|T?K]
Clo,0,-0) Z[k] Z;[~]
Clrp,m-0) Zo[s]  Zo[k]
C0,0,0) Zs[TK] Zs[TK]
Clrr0) Zs[Tk]  Zy|TK]
C(30,0,—20) Zy[tk]  Dg[r, K]
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Table 9: Knots on D|p, k;]-orbit representatives for the connecting orbits for

the FCC lattice.

Element of ¢p,|,x) Knots

C0,0,0) (0,0,0), (0,0, )

Crm0) (m,m,0), (0,0, )

C0.0,0) (0,0,0), (m,m,0)

Clo,-0,0) (0,0,0), (m,7,0)

Clo,—0,m (0,0,m), (3w/2,m/2,7)
Clo4m0.m) (3w /2,7/2,7),(3w /2, 7 /2, )
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Table 10: Induced Ds|7, ]-action on €p,[-. on the BCC lattice. Only those

elements acting nontrivially are shown.

Element of ép,[;, Elements of Ds[7,x] Action

2
Clo,-0,0) TK, T%, Cl0,0,—20)
K, T C'(9,0,72:9)
2
C(G,—G,Tr) TR, T", C(?r,ﬂ,?r—?ﬂ)
K, T C(G,W,Tr729)
C(o,a,-w) TR, T, C(a,—a,o)
2 2
T°K, T C(G,O,—QG)
O(TF,Q,TF729) TR, T, C1(09,709,7r)
2 2
T°K, T O(0+7r,0,—20)
2
Cl,0,—20) Ky, T Clo,-0,0)
2 C
TR, T (0,0,—20)
2
Clo,r,x—20) Ky, T Co,-0,r)

T°K, T C(TF,Q,TF729)
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Table 11: Induced T[r, p;]-action on €r[-,, for the BCC lattice. Only those

elements acting nontrivially are shown.

Element of €7(;,, Elements of T[r,p;] Action

(0,7,0) Ti, T, T, Ta (m,m,0)
T2, T, T2, T3 (m,0,0)
(m,0,0) T2 T, T, T3 (m,m,0)
T, T2, T, T4 (0,7,0)
(m,m,0) 2, T, T2, T3 (0,7,0)
T, T, T, Ta (m,0,0)
C(a,o,o) 712, T2, 72, T3 C(a,e,-w)
T, Ta, T, Ta Cl0,0,0)
Cl0,0,0) T1, T3, T, Ta Ci0,0,—20)
T, To, T2, T3 Cl0,0,0)
Cl0,0,0) P2,T2, T C,0,—0)
p1,72, T2 C9,0,-0)
p3, T3, T3 Clo.0,-0)
C,0,-0) P2, TV, T3 C.0,-0)
P1, T, T3 Cl0,0,0)
D3, Ti, T2 C(0,6,-0)
C0,0,—0) p3, T, T C,0,—0)
P1, T, T2 Cto,0,-0)
P2, 722, 2 C'(0,0,0)
C(a,e,—e) P3, T2, 732 C(o,o,a)
p1, T2, T2 C0,0,—0)
P2, T1, T3 C9,0,-0)
Co,r0) TZ, Tay T2, T3 Co4r,0,—20)
Ti, 722, T, 732 Cir.0,0)
Cr0,0) Ti, Ty, T, T3 C0+r,0,—20)
T, To, T2, T3 Cio,r,0)
C0,0,—20) TZ, Tay T2, T3 C0,0,0)
T, T, T, Ta Cl6,0,0)
C(0+7r,9,—20) 712, T2, 72, T3 C(Tr,e,o)
T, Ta, T, Ta Cio,r,0)
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Table 12: Isotropy data for C' € 6p,r. for the BCC lattice.

OECKD?)

stab(C)

(0,0,0)
(7,7, m)
Clo,-0,0)
Clo,-0,m)
Clo,0,-0)
Cl0,0,—20)
Clr 9,m—20)
Cl,0,—20)

0(0,71',71'—20)

D;[r, k] Ds[r, k]
Dy[r,x] Da[r,x]
Zo|T?k]  Zs[r?K]
Zo|T?k]  Zs[r?K]
Zslt]  Dslr, ]
Zolw]  Zo[K]
Zolw]  Zo[K]
Zoltk]  Zs|TK]

Zy|TK]  Zy|TK]
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Table 13: Isotropy data for C' € 6., for the BCC lattice.

C € Grirpy stab(C)  Stab(C)

(0,0,0) Tir, k1] Tir, k4]
(0,7,0) Ds[p1, p2] Dalp1, po]
(7,0,0) Dy[p1, p2] Dap1, po

(m,,0) Dy[p1, p2] Dap1, po

Cl6,00) Zs[p1] Ds[p1, po]
Cl0,00) Z,po] Ds[p1, po]
Cl0,0,0) Zs[m] Zs[m]
C,0,-0) Zs3[ ] Zs[1s|
Co,0,-0) Z;(73] Z3[73]
C0.0,-0) Zs]7] Z3[7]
Clo,x,0) Zy[p1] Ds[p1, po]
C(r.0,0) Zpo] Ds[p1, po]

Clo,0,-20) Z|ps] Dsp1, po]

Co4m0,—20)  Lops] Ds[p1, po]
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Table 14: Translation free axial subgroups of the 24- and 48-dimensional
representations of the cubic lattices. Generators are only shown for groups
isomorphic to @ which has generators p, and p,. Superscripts are used to

indicated groups with different generators.

Lattice Dimension Axial Subgroup

SC 24 Type 1 O®Zs

O(pas (3,3:0)): (py, (0,3, 5))] ® Zs
g (

2
Ol(ps, (1:50)): (py, (0, 7,0))]
T & Z§
D; @ Z§
24 Type 2 O ZS§

O[(ps (3,0,0)), (py, (0, 3,0))] & Zs

Ol(pe; (3, 50)), (py, (0, 1,0))]

T & Z
48 06 Z§

FCC 24 0o Z;

Q_[(pma %gl + %&’))7 (py7 %KS)] @ ZS
D, & Z§
D, & Zs

48 0 Z;

Ol(pss 5L2), (py, 503)] & Z§

O(ps, 501+ 503), (py, 303)] ® Z5

Ol(pa, 361 + 502 + 503), (py, 0)] D Z5
BCC 24 Type 1 (case 1) O Z§

O[(pa; 303), (py, 303)] & Z§
24 Type 1 (case 2) O Z§

Ol(ps, 53), (Py, 305)]

24 Type 2 0@ Zs

Ol(po; 513), (py: 513)] @ Z§

O[(pz, 3¢3), (py, 0)]
48 0 Z

Ol(pes 313), (py: 503)] @ Z§
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Figure Captions

Figure 1. The projected skeleton X%B (] OLL the SC lattice.

Figure 2. Projected skeletons for the FCC lattice. (a) X3, 5, (b) XG5

and (c) X,

3 [7—7"‘3] ’

Figure 3. Projected skeletons for the BCC lattice. (a) X, 7. @0 (b) X%[T ol
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Figures

7r77r77r) (07070)

Co,~0,m)
C(6,0,6)

Figure 1: The projected skeleton Xp, -

o#]

Co,-6,0)

on the SC lattice.

7
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6(71',7r,9)

(07070) 6(9,9,0) (7‘-’7770)

C9,-0,20)

(b)
6(0,6‘,0) 6(71',9,0)
(0,0,0) (mw,m,0)
C(36,0,—26)
(c)

Figure 2: Projected skeletons for the FCC lattice. (a) Xp,, 1. (b) X5 |
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Co,-0,m) Co,-0,0)
6(9,9,79)
(7T77r77r) (07070)
/4
(a) XD3[T7F~]
C6,7,0 C(0,0,6)
C(6,0,0)
(077“0) (070:0)
/4
() X2ir 0]

Figure 3: Projected skeletons for the BCC lattice. (a) X, 7. @0 (b) X%[T ol



