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Physical systems often exhibit pattern-forming instabilities. Equivariant bifurcation theory is often
used to investigate the existence and stability of spatially doubly periodic solution with respect to the
hexagonal lattice. Previous studies have focused on the six- and twelve-dimensional representation
of the hexagonal lattice where the symmetry of the model is perfect. Here the perturbation of the
group orbits of translation free axial planforms in the six- and twelve-dimensional representations is
considered. This problem is studied via the abstract action of the symmetry group of the perturbation
on the group orbit of the planform. A partial classification for the behaviour of the group orbits is
obtained, showing the existence of homoclinic and heteroclinic cycles between equilibria.
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1 Introduction

Many natural phenomena exhibit spatially periodic states. These systems are
generally modelled by partial differential equations (PDEs) that are invariant
under translations, rotations and reflections of an infinite plane. Such systems
include the Navier-Stokes equations, models of hallucination patterns in the
primary visual cortex and Rayleigh-Bénard convection [1].

Spatially periodic solutions are found directly by restricting the equations to
a planar lattice. The symmetries of the restricted system consist of a 2-torus
of translation symmetries modulo the lattice and the holohedry of rotations
and reflections that preserve the lattice. The bifurcation problem then has
compact symmetry group. Standard techniques [2] enumerate all irreducible
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representations and axial subgroups. The equivariant branching lemma [2-4]
guarantees the existence of solutions with axial symmetry.

This paper considers those spatially periodic time-independent solutions, the
so-called planforms, supported by the hexagonal lattice. A complete study of
this lattice was performed group-theoretically by Dionne and Golubitsky [5].
The symmetry group of the hexagonal lattice is I' = Dg4 T2, where + denotes
semi-direct sum [2, p. 144]. Dionne and Golubitsky [5] consider only the so-
called translation-free irreducible representations of I'. A representation is said
to be translation free if the only translation that acts trivially is the identity
translation. These irreducible representations are on C? and C®, of which there
is a countable infinity of representations of I' on C%. The authors also derive
the symmetry of the primary solutions in the six- and twelve-dimensional
representations guaranteed to exist by the equivariant branching lemma—
the axial solutions. This classification proves the existence of two solutions:
‘hexagons’ and ‘superhexagons’. The precise form of superhexagons depends
on the exact representation on C°.

The modelling process often introduces additional symmetries that are only
approximately present in the real physical system. Provided the real system
is only a small perturbation of the idealized mathematical model, we would
expect the ideal model to capture ‘key features’ of the real system. Here we in-
vestigate how the solutions of the ideal I'-equivariant model are affected when
perturbed to a system with symmetry group A, where A is a subgroup of
I'. This process is called forced symmetry-breaking, or sometimes system or
explicit symmetry-breaking. There have been several different approaches to
this problem, either focusing on the persistence of equilibria [6] or periodic
orbits [7-10], perturbations of homoclinic cycles has also been considered [11].
For a general class of problems the approach adopted by these authors is not
appropriate. In this paper we focus on the formulation of Lauterbach and
Roberts [12] and Lauterbach et al [13]. Using this formalism we investigate
the dynamics resulting from forced symmetry-breaking of hexagons and su-
perhexagons. More precisely, let

& = [(z) (1)
be a T-equivariant system of differential equations. Suppose that (1) has an
equilibrium zy. Equivariance implies that Xg = 'z is a group orbit of equi-

libria. Generically, this group orbit is a normally hyperbolic manifold [14].
Consider a small perturbation of (1)

i = J(2) + eg(a), (2)

where ¢ is small and ¢ is A-equivariant, where A C I' is a Lie subgroup.
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When ¢ is sufficiently small, the normal hyperbolicity of Xg implies there is a
perturbed flow-invariant manifold X, for (2) that is diffeomorphic to Xg [12].
The dynamics of the perturbed flow can be more complex than just equilibria,
indeed heteroclinic cycles can result.

For each representation of T' we classify the (perturbed) equilibria and het-
eroclinic connections that are forced by symmetry to occur on X.. This leads
to a geometric object called the skeleton. The quotient of the skeleton by
the A-action gives the projected skeleton. The projected skeleton classifies all
the ‘different’ heteroclinic connections and equilibria on the skeleton. For sev-
eral subgroups A it is possible to exhibit A-equivariant perturbations that
give heteroclinic or homoclinic cycles for the perturbed flow. However, the
complexities of the invariant theory mean that a general classification is not
possible. Notwithstanding this, for one subgroup conditions are determined
on the lowest order Taylor coefficients of the perturbation that guarantee the
existence of a homoclinic cycle for the perturbed flow.

The corresponding problem on the square lattice has been considered previ-
ously. Hou and Golubitsky [15] consider a perturbation of a square planform
and prove that asymptotically stable heteroclinic cycles exist for an open set
of perturbations. More recently, Parker et al [16] extended these results. In
particular they consider a general class of perturbations that can exhibit hete-
roclinic connections between equilibria in both the four- and eight-dimensional
representations of D4 + T?: the symmetry group of the square lattice.

This paper is organized as follows. Section 2 provides the necessary back-
ground on forced symmetry-breaking, in particular its formulation as a purely
algebraic problem. We then discuss the standard equivariant bifurcation the-
ory required to analyse hexagonal planforms. Section 3.1 contains our analysis
of the six-dimensional representation. Here we characterize the behaviour of
the flows on the perturbed group orbit. In particular, all equilibria and het-
eroclinic connection forced to exist by the residual symmetry are found. The
twelve-dimensional representation is considered in Section 3.3. It is shown that
heteroclinic cycles are guarantee to exist for a certain perturbation of the group
orbit. Section 4 contains our conclusions.

2 Problem Formulation

This section summaries the main points of forced symmetry-breaking of group
orbits of steady states and symmetry-breaking bifurcations of FKuclidean-
invariant PDEs. For a more detailed discussion see [5,12,13,17].
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2.1  Forced Symmetry-Breaking

Let X be a smooth finite-dimensional manifold. Let T be a compact Lie group
acting smoothly on X:

'xXw— X, (y,2)— vyz.

Then Lauterbach and Roberts [12, Proposition 1.1] prove:

THEOREM 2.1. Let I' be a compact Lie group acting smoothly on a finite-
dimensional smooth manifold X. Let f be a I'-equivariant vector field on X
and suppose that @y is the flow on X corresponding to f. Let X C X be a
compact submanifold, invariant under the flow ®; and the action of I'. Suppose
that X is normally hyperbolic. Let A C T be a subgroup of I'. Let g be a A-
equivariant vector field on X. Let ®, be the flow on X corresponding to g.
Suppose that ||f — gl| < €. Then, if € is sufficiently small, there exists a unique
manifold )Z'E near to )?, invariant under the flow ®,. Moreover, there exist a

A-equivariant diffeomorphism © : X = X..

We call Theorem 2.1 the equivariant persistence theorem. This nomencla-
ture is non-standard, although we have used it before to refer to this theo-
rem [16,17]. In our applications X is a manifold of solutions to an equivariant
bifurcation problem (with compact symmetry group), which generically is a
normally hyperbolic manifold, see Field [14].

Let z € X. The isotropy subgroup of x is the subgroup of I' defined by

Yy={yel:yz =z}
The orbit of x is the set
Tz ={yz:veT}

All elements on the same group orbit have isotropy subgroup conjugate to ;.
It is well known that I'z is ['-equivariantly diffeomorphic to the homogeneous
space I'/3, [2]. Here T'/%, = {yX, : v € '} is the space of left cosets.

Group Action on T'/X. Let 3 be an isotropy subgroup of I'. Let A be a
subgroup of T'. Define an action of A on the space I'/¥ by

A x (T/%) — (T/%),
(6,72) — vX.
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Since the orbit X = Iz is I-equivariantly diffeomorphic to IT'/%, there is
an induced action of A on the manifold X. Suppose g is a A-equivariant
vector field sufficiently close to f. Then there exists a smooth, A-invariant and
flow-invariant manifold X, close to X. Moreover, there exists a A-equivariant
diffeomorphism © : X, — X [12]. The A-action on X induces an action of
A on X,.. Furthermore, A-equivariant vector fields (or flows) on X are the
restriction of a A-equivariant perturbation of a I’-equivariant vector field on
X, see Lauterbach and Roberts [12, Proposition 1.3].

Let A’ be a subgroup of A. Then the fized-point subset of A" is defined by

Fixp/s(A') = {z € T/S|éz = z for all § € A'}.

The fixed-point subset Fixp,5(A’) is invariant under A-equivariant flows. De-
fine the isotropy subgroup of x € T'/% by

Stab(z) = {6 € Aldz = z}.

Let z € T'/3. Let C = C(xz) be the connected component of Fix(Stab(z)) C
I'/% which contains z. Let €a be the collection of those Cs which are home-
omorphic to {0} or S!. If C € %a is homeomorphic to S', then we call C a
connecting orbit. The set € is invariant under the A-action.

Definition 2.2. Let
Xa= |J Cccry
Ce%n
The set Xa is called the skeleton of T'/3 with respect to A.

To save cumbersome language we shall use the term skeleton when the con-
text is clear. A A-equivariant flow on I'/¥ induces a A-equivariant flow on Xa.
Xa is a stratified manifold, in fact the strata are flow-invariant. Let x € Xa.
Let S(z) be the connected component of the stratum containing z. Define
Ia =A{S (x)‘x € Xa}. Define flow-invariant subsets of XA as follows: given
the set .#A define

Earpsy=1{S € yA‘S is homeomorphic to {0}},
Hoarmy=1{S € ,VA‘S is homeomorphic to R}.

Since I' /% is diffeomorphic to X we also write E(A,)?) = Ear/x) and H(A,)?) =
H(a r/x); it is sometimes more convenient to use this notation.
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Symmetry Properties of the Skeleton. Let C € €a or #a. The pointwise
isotropy of C' is defined by

stab(C) = {6 € Aldz = z for all z € C}.

There is an induced action of A on €A given by permutation. Given C € %A
the setwise isotropy of C' is

Stab(C) = {5 € A|6C = C}.

The pointwise isotropy, stab(C), of C € % is normal in the setwise isotropy
Stab(C). Thus we can form the quotient group:

Stab(C)/stab(C).

This group has a natural action on C. Let C € A be a connecting orbit and
x € C. Suppose that z is a fixed-point of some element of Stab(C), then z is a
knot relative to C'. Note that a knot must be an element of F( 1/5), however
the converse is clearly false, it can be false even for those equilibria that lie on
connecting orbits, see Remark 1.

Let Hia r/s)(C) denote the set {h € H(AJ"/E)VL C C}, then Lauterbach et
al [13] prove:

THEOREM 2.3. Let A act on the sets Har/sy, Ear/s) and €a. Then we
have:

(i) Given e € Ear/s) or b € Har/s). Then
Stab(e)/stab(e) = Stab(h)/stab(h) =1

the trivial group.

(i) Given C € €a with Ha p/sy(C) # 0, then there are the following alterna-
tives:

a) Suppose Stab(C) contains m € N orientation reversing elements; then
Stab(C)/stab(C) = D,,,. We use the convention Dy = Zy. The group
Stab(C)/stab(C) acts as the group of m reflections about azes through
opposite knots and m — 1 nontrivial rotations.

b) Suppose Stab(C') contains no orientation reversing elements; then we
have Stab(C)/stab(C) = Zy, for some m € N. We use the convention
Z, = 1. The group Stab(C)/stab(C) acts as rotations on C.

The rotations and reflections preserve Ha pr/5)(C).

Furthermore, if Hia r/5)(C) # 0, then the knots relative to C always occur
in pairs on Xa, dividing C into two connected components with the same
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number of edges in Ha r/5)(C) on each component. There are two possible
types of behaviour (Lauterbach et al [13]):

(i) Suppose there are no knots relative to C. Then Stab(C)/stab(C) is iso-
morphic to some Zy,, (with Z; = 1) and acts on H(x r/x)(C) by rotations
on C.

(ii) Suppose that there are knots relative to C. Then Stab(C)/stab(C) is iso-
morphic to some Dy, (with Dy = Z5). This group acts as m — 1 non-trivial
rotations and m reflections on H(s p/5)(C). The pairs of opposite knots
give the axes of reflections. In particular, m is the number of knots relative
to C.

Vector Fields on the Skeleton. Define
m:Xa = A\Xa by 7(z) =alz],

where a[z] is the equivalence class of all points z which are members of the
same group orbit. Let X'\ = A\Xa. Then XPA is called the projected skeleton.
By the smooth lifting theorem of Schwarz (see Lauterbach and Roberts [12]),
this map is surjective. So every stratum preserving smooth vector field on
I\ X lifts to a smooth I'-equivariant vector field on X, and any flow on the
projected skeleton lifts to a A-equivariant flow on the skeleton, giving the
following existence result, see Lauterbach et al [13, Corollary 3.32]:

THEOREM 2.4. Let h € Hia r/s)- Then there exist A-equivariant vector fields
and corresponding flows ® on XA such that h is a heteroclinic connection of
® connecting equilibria in B r/x)-

Perturbed Flows. We make an addition assumption on X ; we assume that X
has an inner product structure. In most applications this condition is satisfied.
Let O, : X — X, be the A-equivariant diffeomorphism given in Theorem 2.1.
Then Oy is the identity map. Let ej € E \ g, and define € = O:(e;). Let

hj € H, z) and define A5 = ©.(h;). Define EfA,)?e) = {@E(e)|e € E(A,)})}
and HE, ¢ | = {©:(h)|h € H, )} Then define

e __ e € Y
A =Baz)YHaz) S X
We call X%, the perturbed skeleton.

Let h € H(A’;() and suppose that h connects two points e; and e; € E(A,)?)'
By definition, there exists a subgroup A’ of A such that h is contained in
the fixed-point subset Fixz(A’), which is diffeomorphic to S !, There exists
a smooth function v* : [0,27] — I' and an injective smooth function w :
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[0,27] — S! such that w(t) = y*(t)z is a nondegenerate parametrisation of
the fixed-point subset Fix 3 (A'). In addition the following hold:

h = {w(t)‘t € (0,t")}, 0<t" <2m w(0)=e; and w(t*) =e;.

Let g be a A-equivariant vector field. Let h € H (A Let w be a parametri-
sation of h. Let

Then

v(t)

%)= o

is the unit tangent vector to w(t). The flow along the connection h is given by:

Fit) = (g(w(?)), Tu (1)) ,

where (-,-) is the inner product on X. We call the function F} the flow for-
mula [18]. If g or h are clear from context then we omit them.

Definition 2.5. Let h € H(A %)
€j € Ep 5y Let w: [0,*] — X parametrise h, with w(0) = ¢; and w(t*) = e;.
Let g be a A-equivariant vector field. Then ¢ is an admissible perturbation

for the connection h if Fj(t) # 0 for all ¢ € (0,¢*). If g is an admissible
perturbation for all connections h € H (A,%)? then we call ¢ an admissible

and suppose h connects the elements e; and

perturbation and the corresponding flow an admissible flow.

Definition 2.6. Let h € H(A,f()
€j € Ep 5 Let w: [0,2*] — X parametrise h, with w(0) = ¢; and w(t*) = ej.
Let g be a A-equivariant vector field. Suppose there exist ¢; € (0,¢*) such
that F}(t1) = 0 and (d/dt)F] (t1) # 0. Then g is called a simple degenerate
perturbation. Any other perturbation ¢ which is not admissible and not a
simple degenerate perturbation is called a degenerate perturbation.

and suppose h connects the elements e; and

Let h* € H(EA)? ) Suppose h® connects e; and ej € E(EA %y By definition
there exist h € H 5 ) and e;, ¢j € E, 5, such that h° = O:(h), € = O.(e;)

and € = O.(e;). Let w : [0,¢"] — X be a parametrisation of h. Then the
function w® : [0,4*] — X, defined by w®(t) = O.(w(t)) is a nondegenerate
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parametrisation of h° such that w®(0) = e and w*(t*) = €. Thus we have a

parametrisation for the connections in H (E AR Let
d
£ t € t
V(1) = (1),
and
ve (1)
Toe(t) =
? los (]
Define

Then F;:9(t) gives the flow on the connection h® on the perturbed skeleton.
The behaviour of the flow on the perturbed skeleton is related to the flow
formula for the flow on the skeleton via the following unfolding theorem [17].

THEOREM 2.7. Let g be a A-equivariant vector field and h® € H(EA %y Suppose
h® connects € and ej € EfA % Let ©, X - )?E be the A-equivariant

diffeomorphism given in Theorem 2.1. Let h € H(A’;(), e; and e; € E(A,)?) be
chosen so that h* = ©c(h), €f = Oc(e;) and €; = Oc(ej). Let w: [0,*] — X
parametrise h. Suppose there ezists ty € (0,t*) such that Fj(t) = ... =
(d("_l)/dt("_l))fg(tg) =0 and (d(m)/dt(m))fg(tg) # 0 for all m > n. Then
for sufficiently small e the behaviour of the function F;%(t) in a neighbourhood
of tg s given by the universal unfolding

ap+art+ ...+ ap_ot" 2 + ant",

of apt™, where a; € R.

This theorem states that if the flow formula F} (¢) has either no zeros or
simple zeros along the connection h, then the same is true for the flow along
he. If the flow formula F(t) is degenerate along h then their behaviour on h*
cannot be known explicitly, only a finite list of possibilities given.
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2.2 PDFEs with Euclidean Symmetry

Consider a parameterized family of PDEs

s,
Eu(m,t) = F (u(z,t), ) (3)

where I’ : X xR — Y is a nonlinear operator between suitable function spaces
X and Y, and X € R is a bifurcation parameter. The function u : R xR — R”
is a function in X of a spatial variable € R? and time t.

The system of PDEs (3) is assumed to have Euclidean symmetry. In addi-
tion, we assume that there is an Fuclidean-invariant time-independent solution
of (3) for all values of A. Without loss of generality we assume that this spa-
tially uniform solution corresponds to u = 0, that is

F(0,)) =0,

for all A. Furthermore, we assume that this solution is stable for A < 0, unstable
for A > 0 and that A = 0 corresponds to a steady-state symmetry-breaking
bifurcation point.

To overcome the problems introduced by the non-compactness of the Eu-
clidean group E(2) we seek spatially periodic, time-independent solutions
u(z,t) to (3). Let £ be the planar hexagonal lattice generated by £, =

(2/\/37 0)7 by = (1/\/§7 1)7 that is,
L= {nlﬁl + ngﬁg‘nl, no € Z}.

The symmetry group of £ is I' = Dg + T2. Here Dg is the dihedral group of
order twelve generated by a rotation p by n/3 anticlockwise and a reflection
% in the line x = 0. We say that a function u is L-periodic if u(z + ¢) =
u(z) for all £ € L. The subspace Xz C X of L-periodic functions is Xy =
{re X‘f(:c +¢) = f(z) for all £ € L}. The group I is the largest subgroup of
E(2) that preserves X; that is, yXr C X for all vy € T.

The dual lattice L£* of L is the set

LY = {k e R? ‘:c — 2Tk T g L’—periodic} .
Define k1 = (1,0) and ky = (%\/3, —%) Then the dual lattice to £ is given by

L = {n1k1 + 7L2k2|’/L1, N9 € Z}.
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We assume that a function u € Xy can be written in the form

S
u(z,t) = Z 2je?MKiT e e, (4)
=1
where z; € C and c.c. denotes complex conjugate. The circle [K;| = k. in

the two-dimensional k-space is called the critical circle. The dimension of the
bifurcation problem depends on the number of vectors k € £* which lie on
the critical circle. In this case k. = |[K;| = /a? + 52 — af for integers @ and
B [19]. Dionne and Golubitsky [19] show that s = 3 or 6. The case s = 3
occurs, for example, when k; = 1, and (a, ) = (1,0). We have s = 6 when,
for example, k. = /7 and (o, 8) = (3,2). The PDEs, by a Liapunov-Schmidt
reduction [20] or restriction to the centre manifold [21], give a system of ODEs
on C*. The representation of I on € is determined by its action on the complex
amplitudes z; in (4). All representations are translation free. The problem is
now in standard form; we consider the system of ODEs

where f: C° x R — C° is I'-equivariant, f(0,\) = 0 and the Jacobian matrix
at the bifurcation point (df) o, is the zero matrix. The results of Dionne and
Golubitsky [19] show there exist two translation free axial solutions, one in the
six-dimensional representation (s = 3) and one in the twelve-dimensional rep-
resentation (s = 6). An axial solution is translation free its isotropy subgroup
3] satisfies

YNT?=1.

Sixz- Dimensional Representation. The representation of I' on C* corresponds
to the following action. Choose coordinates z = (21, 2o, z3) on C3. The action
of T' is generated by

,0(21722723) = (57%75):
5(21722723) = (21,23,22),

9(2,’1, 22, 23) = (eial 21, ei02 22, e_i(el +02)23), (6)

where (91,92) € T?.

There are two approaches to bifurcation problems on the hexagonal. Firstly,
a general I'-equivariant bifurcation problem possess a quadratic equivariant,
implying all bifurcating solutions are (locally) unstable [2,22]. Buzano and
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Golubitsky [22] use singularity theory (specifically normal forins and universal
unfoldings) to analyse this degenerate problem. It is not straight forward to ap-
ply these methods to more general bifurcation problems. The second approach
is computationally more straight forward. We consider a I' @ Zs-equivariant
bifurcation problem, where Zs acts as minus the identity. The additional Zo
symmetry removes all even order terms from the bifurcation problem allowing
standard techniques to be applied, see Golubitsky et al. [23]. We consider only
the pure I'-equivariant problem. The action of I' on C? has eight conjugacy
classes of isotropy subgroups [22]. Of these subgroups the only translation free
axial subgroup is Dg and we shall focus exclusively on this group. Summarising
we have the following, see [19,22]:

THEOREM 2.8. Let f: C? x R = C® be a I'-equivariant bifurcation problem.
Then, generically, there exists a branch of steady-state solutions bifurcating
from the origin with Dg-isotropy.

Buzano and Golubitsky [22] show that an unfolding of the quadratic de-
generacy can yield stable solutions. The solutions given by Theorem 2.8 are
referred to in the literature as hezagons, the same convention is adopted here.

Twelve-Dimensional Representation. The representation of I' on C% corre-
sponds to the following action, see Dionne and Golubitsky [19]. Choose coor-
dinates z = (21,22, 23, 24, 235, z6) on C®. Let o and 8 be integers which satisfy
the conditions: 1) a > > /2 > 0, 2) a and B are relatively prime, 3) a+
is not a multiple of 3. Then

H(Zl,ZQ,Zg, 24, %5, ZG) = (26,25,2’4,23,22,21),
and

(e—i(aﬂl—l—ﬁﬂl) i((—Oé-f—,B)Hl—Oéez)zz’

0(21, 22, 23, 24, 25, 26) = z1,€

e~ (=B H(e=F)lz) 5 p=ilabit(a=P)02) ,, =i(=BO1—0la), o=il(—adB)01+502) 0y,
(7)

The action of the group I' on C® has six conjugacy classes of axial subgroups,
see Dionne et al. [5], the only translation free axial subgroup is Dg. A general
I'-equivariant map contains a quadratic term, implying that, generically, all ax-
ial solutions are unstable at bifurcation [2,22]. A singularity theory approach,
like that taken by Buzano and Golubitsky [22] in the six-dimensional represen-
tation, is too complex. Dionne et al [19] show that in the degenerate problem,
where the quadratic term is zero, any solution, in particular the Dg-symmetric
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solution, can be stable. The authors also consider the T' @ Zy-equivariant bifur-
cation problem. Here there are four translation free axial solutions each with
non-conjugate Dg isotropy. These solutions are referred to as superhexagons,
anti-hexagons, supertriangles and anti-triangles. It is possible for these solu-
tions to be stable at bifurcation [19]. We shall not consider the last three cases.
The above discussion gives, see [5,19]:

THEOREM 2.9. Let f : C® x R — C° be a I'-equivariant bifurcation problem.
Then, generically, there exists a branch of solutions bifurcating from the origin
with Dg-isotropy. In the nondegenerate problem this branch is unstable.

Dionne et al [19] show that if the degenerate problem is weakly unfolded
(the coefficient of the quadratic term is made nonzero, but small), then many
secondary transitions are possible along the Dg branch of solutions. In partic-
ular the branch can gain stability at a secondary saddle-node bifurcation [19].
Therefore, there exists a region in the parameter space where the bifurcating
D¢ symmetric solution given by Theorem 2.9 is stable. The group orbit of the
solutions in the six- and twelve-dimensional representations is diffeomorphic
to the 2-torus, which we denoted throughout by Xg.

3 Forced Symmetry-Breaking of Hexagonal Planforms

Generically the manifold Xy of hexagonal solutions is normally hyperbolic.
We investigate the behaviour of the group orbit Xy when the system is
perturbed with terms having Dg, D3[p?, k], D3[p?, kp], Da[p?, 6], D2[p?, kp]
and Ds[p?, kp?] symmetry. In particular we are interested in the existence of
equilibria and heteroclinic connections on Xy, and admissible perturbations.
Throughout this section A will denote one of the following subgroups of Dg:
Ds, Zs[p), Dalp?, k], D3[p?, kpl, D2[p?, £], Da[p?, kpl, or Do[p?, kp?]. If we wish
to consider one of these groups specifically then we write that group explicitly.

3.1 Siz-dimensional Representation
Let g : €3 — C3 be a A-equivariant mapping. Let € be real and small. Consider
the A-equivariant perturbation of (5), P: C3 x R2 — €3 defined by

P(z,\ ) = f(z,A) +eg(2),

where f is a I'-equivariant vector field. Since Xy is normally hyperbolic, the
equivariant persistence theorem (Theorem 2.1) implies there exists a P- and
A-invariant manifold X, which is A-equivariantly diffeomorphic to Xj.
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3.1.1  Calculation of the skeletons. There are sixteen closed subgroups of
Dg. These groups are:

Ds, Zslp], Dslp? s], Ds[p?, kp], Da[p®, k], Da[p®, kgl
0%, - Zolwl,  Zalwel,  Zalo?)

and the trivial subgroup.
The action of Dg on C2 is generated by the action of p and x on C® given
in (6). This action induces a Dg-action on Xy generated by:

p(01,02) = (—02,01 + 02), K(01,02) = (61, —(01 + 02)). (8)

The case A = Dg. Let A’ be a subgroup of A. The action of Dg in (8) implies
the fixed-point subset Fix(A') is one of the entries in Table 1. The computation
can be found in detail and in a coordinate free framework in Parker [17]. To
describe the skeleton it is convenient to introduce some notation. Let C' € €A
be a connecting orbit. Choose a parametrisation w : [0,1] — Xy for C. We
write

C = Cw(t)'

In the context of our work the range of w is T?, so w(t) is determined by two
coordinates 01 (t) and 05(¢) for suitable functions 61, 65. Thus we write

C = Clo.(1).0:(0)-
The entries of Table 1 imply that

%DG = {(07 0)7 (7T7 0)7 (07 7T)7 (7T7 7T)7 (27T/37 27T/3)7 (47T/37 47T/3)7
C9,0), C0,0), C10,0): Ca,-0)> C(20,—0), C(—0,20) }- (9)

Here we have slightly abused notation. For example, the singleton (0, 0) should
be the singleton set {(0,0)}, however we use our notation since it make the
presentation clearer. In each case the parameter 6 € [0,27) and all singletons
are points on Xj.

The skeleton Xp, can easily be determined from 4p,, we omit the full de-
tails since they are not required. In Figure 1(a) we illustrate the skeleton. The
figure should be interpreted in the following way. Since X is diffeomorphic to
a 2-torus we consider Xy as the quotient space [0,27]2/ ~, where ~ denotes
the appropriate identification of edges of the square [0, 27]2 (see Figure 1(g)),
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Table 1. Fixed-point subsets for nontrivial subgroups of Dg.

Group Fixed-point subset(s)

Dg {(0,0)}

Zg|p] {(0,0)}

Dslp®, 5] {(0,0)} U{(27/3,21/3)} U {(4n/3,47/3)}
Dslp?,kp]  {(0,0)}

Dolp’, 5] {(0,0)} U{(0,m)}

Da[p®, kp]  {(0,0)} U {(m,m)}

Dy[p’, kp?]  {(0,0)} U{(,0)}

Zs[p?] {(0,0)} U{(27/3,2r/3)} U{(47/3,47/3)}
Lok {(20,-0): 0 €[0,2m)}

Zo[kp {(0,-0) : 0 €[0,2m)}

Zo[kp?] {(—0,20): 6 €[0,2m)}

Zs[rp’] {(0,0) : 0 € [0,2m)}

Zs[rkp’] {(0,0) : 0 € [0,2m)}

Z[rp°] {(6,0) : 0 € [0,2m)}

each figure show [0,27]? before identification by ~. The form of the connect-
ing orbits in (9) and the coordinate system used on Xy tell us which line in
Figure 1(a) corresponds to which connecting orbit.

The axes used to represent the coordinates on the 2-torus are indicated
in Figure 1(g). The disadvantage of visualizing the skeletons in this way is
the multiple appearances of certain sets, however, this should not cause any
confusion.

As discussed in Section 2.1 the skeleton Xp, is a stratified manifold, the
appropriate decomposition into the sets Ep, x,) and Hrp, x,) is long, and
adds no clarity and is omitted at this stage. We will make reference to E(p, x,)
and Hp, x,) and their elements as we require them. It is obvious, however,
from Figure 1(a) that Ep, x,) consists of the four singletons (61,02) where
01,02 = 0 or 7 together with (27/3,27/3) and (47/3,47/3). The set Hp, x,)
contains those subsets of the connecting orbits which connect the equilibria.

The case when A # Dg. The results when A = Dg restrict to give the
remaining results. Since the groups Ds[p?, s], and Da[p?, kp?] are conjugate
in Dg the skeletons and symmetry results are isomorphic, so the results for
the Ds[p3, kp?] case are omitted; the results can be derived by conjugating the
results for the Dy[p3, k] case by p°.
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Figure 1. The skeletons X a.
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By taking the appropriate restrictions the results in Table 1 give:

CDylp2 k] = 1(0,0), (27/3,2n/3), (4 /3,47/3), Cg,0), C20,—0), C(—0,26) } -
Cngp o) = 1(0,0), (27/3,2n/3), (47 /3,47 /3), Cio,-9), C(0,6): Co,0) }+
€D, [p2 k) = {(0,0), (7,0), (0, 7), (7, 7), C0,6), C(20,0) }»

ED, (2001 = {(0,0), (m,0), (0, 7), (, ), Clg.0), Co,—0)}- (10)

Like the Dg case we omit the details of the skeletons. Figures 1(b—e) il-
lustrates each skeleton. The form of the connecting orbits in (10) and the
coordinate system on Xy uniquely identifies each line in Figures 1(b—e) with
a connecting orbit. Using Figures 1(b—e) we can read off the sets E(x x,) and
H(a x,)- The details of these sets are not required.

The following result is an immediate consequence of the discussion above,
here A is any of the groups considered above.

PROPOSITION 3.1. Let I' = Dg + T? act on C* as in (6). Let f be a
T-equivariant bifurcation problem. Let g be A-equivariant. Let P(z,\,e) =
f(z,\)+eg(z). Then there exists a steady-state solution to f(z, A) = 0 bifurcat-
ing from the origin with Dg-isotropy. Let Xo = T? be the group orbit of steady
states. Then for sufficiently small e, Xy persists to give a new P-invariant
manifold X, which is A-equivariantly diffeomorphic to Xy. Moreover, there
exists g such thal the elements in E(a x,) are equilibria for the new flow and
those of H(a x,) are heteroclinic connections between equilibria.

Proof This follows from the discussion above, Theorem 2.1 and Theorem 2.4.
(I

This result does not specify those perturbations g that give heteroclinic
connections between the equilibriain E(a x,). This point is investigated further
in Subsection 3.2.

3.1.2  Symmetry properties of the skeletons. We consider the restrictions
placed on the skeletons by the A-actions on Xy and on %a.

The Dg-action on X induces an action on %p,. This action permutes the
elements of 6p,, see Table 2. The action for the subgroups of Dg is given by
taking the appropriate restrictions.

PROPOSITION 3.2. Let D¢ act on ép, as in Table 2. Then given C € €p,,
the setwise isotropy Stab(C) and the pointwise isotropy stab(C) are listed in
Table 3. For each connecting orbit C'

Stab(C) /stab(C) = Zs.
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Table 2. Action of Dg induced on ¥ng. Only those elements acting nontrivially are shown.

C € ¢p, Element of Dg Action
(m,0) p, P, kp, kP (0, )
p% 0% K, kP (7, 7)
(0, ) p, p*, Kp?, fﬁp‘r’ (m, )
0%, p°, w0, kp? (m,0)
(m, ) P, p4 KPS, K (,0)
0%, 0, fw Kp° (0,7)
(27/3,27/3)  p, p?’, p , K, ﬁp ﬁp (4m/3,47/3)
(4n/3,4n/3) p, p*, p°, kp, ﬁp kp°  (27/3,27/3)
Clo,0) I /05 kP, ’ip C(26,-6)
P,P 2, Hp37 P C(—B,Q@)
Co0) p, p*, Kp, Kp? Co0)
927 957 K, Hpg C(G,—H)
Clo0,0) p, p', wp?, Kp® Clo,~0)
P27 p57 Kkp, 5p4 0(0,0)
Ci9,-0) p, p*, K, kp?® C(9,0)
P, 0% kp?, Kp° Clo.0)
C(26,-9) 0, Py P, Kp° Ci9.,6)
p*, 0%, rp, rpt C(—0,20)
C(-9,29) p, p*, Kp, Kp' Cl29,-0)
K, 927 p57 Hpg 0(9,9)

Proof The computations of Stab(C) are trivial and follow directly from the
entries in Table 2. To compute stab(C') we just check to see which elements of
Stab(C) act pointwise trivially. The quotient groups follow immediately. O

It is trivial to derive the isotropy data for any subgroup of Dg. We relegate
these results to Tables A1-A4 in Appendix A.

Azes of reflection symmetry. A knot relative to a connecting orbit C' gives
an axis of symmetry for any A-equivariant flow on C. When A = Dy,
Stab(C) /stab(C) = Zy for each connecting orbit C, so each C contains ex-
actly two knots, see Theorem 2.3. The only cases where this computation is
non-trivial are C(yg) and C(y _g). Here each connecting orbit contains four
equilibria, only two of which are knots. A calculation, the details of which can
be found in Parker [17], immediately shows that the knots are those given in
Table 4.

When A = D3[p?, k] or D3[p?, kp], Stab(C)/stab(C) =2 1 for all C € €, see
Tables Al and A2. Hence there are no knots relative to any connecting orbit.
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Table 3. Isotropy data for C' € €pg-

C € ¢p, Stab(C) stab(C)

(0,0) Ds Ds
(m,0) Ds[p®, kp*]  Dap®, kp’]
207 7T)) D?{piv K’] ] D2{p27 ﬁ] ]
T, Dolp’, 6p]  D2|p®, kp
(27/3,27/3) Dsp*,k]  Dsp?, 5]
(47/3,47/3) Ds[p*,k]  Ds[p?, 5]
Clo,0) Dy[p®, kp]  Zolkp’]
Co,0) Dy(0%, kp?]  Zalkp”]
Clo.0) Dslp°, k] Zs[kp°]
Cio,-9) D2[p?,kp]  Za[kp]
(26,-6) Dylp® 5] Zo[K]
C(—6,20) Ds[p*, kp*]  Zs[rp?]

Table 4. Knots relative to the connecting orbits.

C € %¢p, Knots

C1(6’,9) (07 0)7 (7T7 7T)
C1(6’,0) (07 0)7 (7T7 O)
C1(0,9) (07 0)7 (07 ﬂ—)
C1(6’,9) (07 0)7 (7T7 7T)
0(29,79) (07 0)7 (7T7 O)
0(79,29) (07 0)7 (07 ﬂ—)

When A = Dy[p?, 5] Table A3 reveals that Stab(C)/stab(C) = Z,, for all
connecting orbits C. Therefore, each connecting orbit has two knots, these
knots are given by the two equilibria on C. Therefore the knots are (0,0) and
(0, ) for both Cs.

Finally when A = Ds[p?, kp| the entries of Table A4 show the connecting
orbits Cgg) and Cigg gy have two knots; these are the equilibria (0,0) and
(m, ).

Remark 1. Not all of the elements of E(p, x,) are knots. The two points
(27/3,27/3) and (47/3,47/3) are not knots relative to any connecting orbit.
This answers a question of Lauterbach et al [13]. The authors ask whether
for general I', 2 and A all elements of E( r/x) which are contained in some
connecting orbit are knots relative to at least one element of a. Here I' is the
symmetry of the unperturbed system, ¥ is the symmetry of the steady-state
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under consideration and A is the symmetry of the perturbation. The authors
show for T' = SO(3) this is always true; our analysis shows in general it is
false.

3.1.3 Projected skeletons. Here we compute the projected skeleton
corresponding to each skeleton. In each case we determine: 1) a collection of
A-orbit representatives for the equilibria on the skeleton; 2) use the A-action
on €A to determine orbit representatives for the connecting orbits; 3) given
the axes of symmetry on these connecting orbits (i.e. the knots) determine
the form of the connecting orbits in the A-orbit space. For example, if
C has two knots, then C' projects into the orbit space as a curve joining
those two knots; the reflection symmetry identifies the two arcs either side
of the knots. We denote by C the projection of C € €a into the A-orbit space.

Projected skeleton X%G. The action of Dg on %p, shows there are
three orbit representatives for points in E(p, x,), see Table 2. These are given
by (say) (0,0), (7,0) and (27/3,2n/3), and their projection into the Dg-orbit
space are: (0,0), (7,0) and (27/3,27/3). There are two representatives for
the connecting orbits, see Table 2. We take C(g ) and Cg ).

The entries of Table 4 show there are two knots relative to Cg gy and Cg o),
so each have an axis of reflection symmetry. Hence, C(pg) and Cip) both
project into the orbit space as a curve joining the two knots; that is, the
projection of Cy g is a curve joining (0,0) and (7, 0) (the projection of (r, 7)),

and the projection of C(y g) is a curve joining (0,0) and (7,0). The connecting
orbit C(g gy contains the elements (27/3,27/3) and (47/3, 47/3) which are not

knots. Thus the projection of Cg gy is a curve joining the representatives (0,0)

to (m,0) passing through (27/3,2x/3).

Figure 2(a) illustrates the projected skeleton. The arrows illustrate an ex-
ample flow on the projected skeleton.

The analysis of the subsequent cases follows the same lines as above, so we
just sketch the details below. Figures 2(b—e) shows the remaining projected
skeletons. In each case the arrows show an example flow.

Projected Skeleton XII))B[/F o+ Table 2 shows that (0,0), (2r/3,27/3) and

(47 /3,47 /3) are orbit representatives for the equilibria and there is one orbit
representative for the connecting orbits, we take C(gg). There are no knots
on the connecting orbit, so no axes of reflection symmetry. Therefore, the
projection of the connecting orbit into the orbit space is a topological circle
joining (0,0), (27/3,27/3) and (47 /3,47/3).
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Projected Skeleton X%S[/ﬁ «p Table 2 shows that (0,0) and (27/3,27/3)

are orbit representatives for the equilibria and there is one orbit representative
for the connecting orbits, C(g ) say. There are no knots on the connecting
orbit so no axes of reflection symmetry. Therefore, the projection of Cy ¢y into

the orbit space is a circle with the equilibria (0,0) lying on it. The equilibria
(27 /3,27 /3) is isolated on the projected skeleton; that is, it does not lie on
any connecting orbit.

Projected skeleton X’I’)z[ The orbit representatives for the equi-

3 k]
libria are : (0,0), (n,0), angl (’]lT,ﬂ’) and there are two orbit representatives
for the connecting orbits given by Cgg) and C(_g 29). There are two knots
on these connecting orbits given by (0,0) and (x,0). The projections of the
connecting orbits Cg gy and C_g o9y are distinct curves connecting (0,0) to

(m,0).

Projected skeleton X‘[’) This case is identical to the previous

2% k0"
one. The orbit space representatives for the equilibria are given by (0,0),

(m,0) and (7, 7). The representatives for the connecting orbits are: Cg g and

Cg,—6)- The connecting orbits project to distinct curves joining (0,0) and

(m, ).

Remark 2 1) Since the equilibrium (27/3, 27/3) is not a knot, there exist flows
on the projected skeleton XZI’)G such that (27 /3,27 /3) is not hyperbolic. How-
ever, it is possible to exhibit flows for which all the equilibria are hyperbolic
as seen in Figure 2(a).

2) It is not possible to find any admissible perturbation on the projected
skeleton X’I’)g[pQ’n] for which all equilibria are hyperbolic, such a non-hyperbolic
flow is illustrated in Figure 2(b).

3) Any admissible perturbation on X% leads to a homoclinic cycle on

s[p? ko)’
the projected skeleton, see Figure 2(c).

We rewrite point (3) of Remark 2 in the following proposition.

PROPOSITION 3.3 There exists a D3[p?, kp|-equivariant perturbation of a
D¢ -+ T?-equivariant bifurcation problem that gives homoclinic cycles for the
perturbed flow.

Proof Theorem 2.4 guarantees the existence of these flows. O

Subsequently we give linear order conditions on the coefficients of the Taylor
expansion of a D3[p?, k]-equivariant perturbation that guarantee these homo-
clinic cycles exist.
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Figure 2. The projected skeletons. The arrows illustrate possible flows.

3.2 Heteroclinic Cycles on the Projected Skeletons

In this section we determine conditions on the low order terms in the Tay-
lor expansion of certain perturbations that give admissible flows. Since the
projected skeletons X%G and X%fs[p?m] both can give rise to non-hyperbolic
equilibria, we do not consider these cases.
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3.2.1 Flows on Xz]’):;[pz,l-cp] . The equilibria (0,0) is contained on the con-

nection C(g9). We parametrise C(g9) by the function
w(t) = (e, 1,e71)
for t € [0,27]. The tangent vector to w(t) is
T(t) = (—sint, cost,0,0, —sint, — cost).

The following proposition reduces the types of admissible perturbations.

PROPOSITION 3.4 Let g : C2 — C be a D3[p?, kp|-equivariant vector field.
Suppose all the coefficients of g are real. Then g is not an admissible pertur-
bation.

Proof Let g = (g1, 92,93) be D3[p?, kp]-equivariant. It is only necessary to
consider the first component of g. The first component has the form

a1 o 0s—L1=—S2—
g1(z) = § aaﬁzl122223321ﬂ122ﬂ223ﬂ3a

where «;, 8; are integers and aqg € R.
Evaluating g along the connection C(gg) we find that

gi(w(®) =gi(e, 1,e7) = Zaag (cos(a; — az)t) + iZaag sin ((81 — B3)t),
g3(w(t) = gi(e "€, 1) =Y aap (cos(—ar + a2)t) +1 Y aapsin((—f1 + Bo)t)

The second equality follows from the equivariance condition g3(z) =
g1(23, 21, 22), the splitting into real and imaginary parts follows since ang € R.
We have not evaluated g since this term makes no contribution to the flow
formula.

The flow formula is

F(t) = {g(w(®)), T (2))
= —gint (Z aap (cos(on — as)t + cos(—ay + ()ég)t))
—cost (Z Gop (Sin(B1 — Bs)t) + sin ((— B + 52)15)) .

Thus F(7) = 0 and the perturbation is not admissible. a

Remark 3. This proposition holds for any Ds3[p?, sp]-equivariant map, and
not just some low order truncation. Thus a sufficient condition for homoclinic
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cycles on the projected skeleton is that the perturbation term must have some
non-real coeflicients.

The remainder of this section classifies those linear perturbations that are
admissible—and by implication give homoclinic cycles. The Poincaré series
(see Appendix B) shows there are 27 linear and quadratic equivariants, hence
our restriction to linear order.

The computations in Appendix B show that to linear order the general form
of a D3[p?, kp]-equivariant mapping is:

91(2) = pru1 + pez1 + P3Z1 + pazo + Pazs + Ps5z2 + P23, (11)

where w1 = 21 +29+23+71 +23+73. The coeflicients p, and p5 are complex and
all other coefficients are real. The other components of the vector field are given
by equivariance. By considering each equivariant in (11) we determine which
equivariants give admissible flows on the skeleton. The linearity of F (¢) gives
the flow formulae for any perturbation involving these terms. We do not need
to consider the equivariant (21, 29, 23) since it is ['-equivariant, so induces triv-
ial flow. Furthermore, the equivariance condition ¢;(z1, 29, 23) = ¢1(z1, 23, 22)
implies the coefficients of the perturbations (u1,u1,u,) and (z7, 23, 23) are real,
hence by Proposition 3.4 they do not induce admissible flows. We consider the
two remaining equivariants.

PROPOSITION 3.5. Define g : C2 — C3 by g(2) = (czo+Cz3, c21 +C23, c20+C21),
where c = a +ib € C. Then the flow formula is

F(t) = 422 sin(3t/2) (—acos (%) + bsin (%)) .

This flow has zeros at t = 27/3 and t = 4w /3 and so is not admissible.

Of course the flow can have other zeros, but we are only concerned with
finding zeros that forbid admissible flows.

Proof Define g(z) = (czg + €23, cz3 + €21, cz2 + €21). Then (not evaluating the
g2 component, which is not required)

g(w(t)) = ((a +1ib) + (a — ib)(cost — isint), g,
(a + ib)(cost 4 isint) + (a — ib))
=(a+acost —bsint,b— bcost — asint, go,

acost — bsint + a,bcost + asint — b).
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Hence the flow formula is

F(t) = (—sint(a + acost — bsint) + cost(b— bcost — asint)
—sint(acost — bsint + a) — cost(bcost + asint — b))z>

= (—2asint + 2bcost — dasint cost + 2bsin? t — 2b cos® )z

= 4z sin(3t/2) (—a cos (%) + bsin (%)) :

with the final equality following from some tedious algebra. The location of
the claimed zeros is easily seen from the sin(3¢/2) term. O

There is one linear perturbation remaining as a candidate for an admissible
perturbation.

PROPOSITION 3.6. Define g : C* — C* by g(z) = (dz3 + dz3, d71 + dz3,d73 +
dz), where d = a +ib € C. Then the flow formula is

F(t) = —22% (asint + b(cost — 1)).

If a = 0 and b # 0 then g is admissible. If a # 0 then there is a zero of the
flow formula in the interval (0,27), so g is not admissible.
Proof Define g(z) = (dz3 +dzs, dz1 + dz3,d%s +dz7). Then (not evaluating the
g2 component, which is not required) we find

g(w(t)) = ((a — ib) + (a + ib)(cost + isint), go,

(a — ib)(cost — isint) + (a + ib))
= (a+acost —bsint,—b+ bcost + asint, g,
acost — bsint + a,—bcost — asint + b).

Hence the flow formula is

F(t) = (—sint(a+ acost — bsint) + cost(—b+ bcost + asint)
—sint(acost — bsint + a) — cost(—bcost — asint + b))z
= 227 (asint + b(cost — 1)).
Obviously if ¢ = 0 and b # 0 then g is admissible. If a # 0 and b = 0 then ¢

is obviously not admissible. We now claim if a # 0 and b # 0 then F(¢) has
a zero in the interval (0,2x). A computation shows if a # b then F(¢) has
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zeros located at

2ab
-1
+ tan (m) .

If a,b # 0 then one of these zeros is located in (0, 2x). This shows ¢ is not
admissible. Finally if a = &b, then it is trivial to see that ¢ is not admissible.
O

THEOREM 3.7 There ezists an open set of D3[p?, kp|-equivariant perturbations
of a Dg + T?-equivariant bifurcation problem that give a homoclinic cycle for
the perturbed flow.

Proof By Proposition 3.6 there exists an open set of D3[p?, rkp|-equivariant
perturbations that are admissible. These perturbations give a homoclinic cycle
on the skeleton. By Theorem 2.7 this homoclinic cycle persist on the perturbed
skeleton for sufficiently small perturbations. O

3.2.2 D2 [p3,k]- and D2[p®, kpl-equivariant perturbations. A general
classification of the flow formulae on the two remaining skeletons is too
complex to undertake; there are too many different possibilities even at
quadratic order, the main problem is that one component of the vector field
is always unrelated to the other two. Instead we provide examples illustrating

heteroclinic cycles on the projected skeletons er))z[p3,l€] and X%Q o rp]”

The Dy[p?, k]-equivariant case. Define g : C* — C? by

9(z) = (91, 92,93) = (az1(22 + 23), b(2072 + 2373), b(22 72 + 2373)).

Then g is Da[p?, k]-equivariant.

The non-isolated equilibria on the projected skeleton are (0,0) and (0, ).
These equilibria lie at the end points of the connections C(g ) and C(z _g).
Thus we need only consider the following connections on the skeleton:

0(079) and 0(297,9).

Specifically we need only consider the flow on the following subsets of these
connections:

C o9 = 1(0,0) : 0 € (0,m)}
C 0.0 = {(20,-0) : 0 € (0,7)},
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since the flow on these subsets characterizes the flow on the entire skeleton. A
quick calculation, like that performed above, shows that

t) = —4z%bsint
.7:8(016)() z°bsin
and

F. (t) = —42>(a + b) sint.
8(26,—6)

The flow along 8(297,9) is admissible if b # 0; the flow along 8(079) is admissi-
ble provided (a+b) # 0. For heteroclinic cycles we require sgn(b) = —sgn(a+b).

By taking suitable linear combinations with other Ds[p?, k]-equivariants we
can exhibit different perturbations that produce heteroclinic cycles, provided
the perturbation g dominates.

The Ds[p?, kp]-equivariant case. The mapping g : C* — C3 defined
by

9(z) = (a(2171 + 22%2), a(z171 + 2272), b(23(21 + 22)),

where a and b are real, is Do[p3, kp]-equivariant. This case is similar to the
previous one, so we will be brief.

The non-isolated equilibria on the projected skeleton are (0,0) and (m, ).
These equilibria lie at the end points of the connections 6(9’9) and 6(97,9). The
group action implies we need only consider the flow on the following subsets
of these connections:

C o0 = 1{(6,6) : 6 € (0,7)}
C o g :=10,-0):0 € (0,m)}.

Along the connection 8(979) the flow formula is
Fa (t) = —4z3(a + b) sint.
(6,6)

Similarly

.7-"8(9,_6) (t) = —4a>asint.

For heteroclinic cycles we require a and a + b to be non-zero and sgn(a) =
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—sgn(a + b). Such cycles exist for any combination of g with other Da[p?, rp]-
equivariant perturbations provided the g term dominates.

3.3 Forced Symmelry-breaking of Superhexagons

The group orbit Xy given by Proposition 2.9 is a 2-torus. Moreover, Xy is
diffeomorphic to the homogeneous space I'/Dg. The space I'/Dg is independent
of the representation of I', we only require that Dg is an isotropy subgroup
in each case. Thus the natural action of Dg on I'/Dg is the same in the six-
and twelve-dimensional representations of I'. This implies the skeleton, knots,
setwise and pointwise isotropy subgroups are identical in both representations
of I'. This discussion leads to the following result:

THEOREM 3.8. Let I' = Dg + T?, and A be one of the groups Dg, D3[p?, k],
Ds[p?, kp], Dalp®, k], Dafp? kp]. Let T act on C° as in (7). Let f be a I'-
equivariant bifurcation problem. Let g be a A-equivariant vector field which
satisfies g(0) = 0. Then there exists a branch of steady-state solutions to
f(z,A) = 0 bifurcating from the origin with Dg-isotropy. Let Xy = T? be the
group orbit of steady states. Consider the perturbed vector field P(z, \,e) =
f(z,A) + eg(2), where e is real and small. Then, for sufficiently small £, Xy
persists to give a new P-invariant manifold X., which is A-equivariantly dif-
feomorphic to Xg. The behaviour of the vector field on Xy is characterised by
the projected skeletons in Figure 2. In particular, homoclinic cycles can occur
when, the perturbation term has D3[p?, kp] symmetry.

Proof This follows from the discussion above and the results for the six-
dimensional representation. O

It is worth emphasizing that we have proved the existence of a homoclinic
cycle when the perturbation has D3[p?, kp] symmetry. Further investigation is
required to determine what type of D3[p?, kp]-equivariant perturbations give
rise to this homoclinic cycle, and whether it is stable. Preliminary investiga-
tions failed to reveal this cycle in low-order perturbations.

This classification represents the most general statement we can sensibly
give; the invariant theory is too complex to allow anything more than the
study of specific examples.

4 Discussion and Conclusion
This paper presents a partial classification of the forced symmetry-breaking

of hexagon and superhexagon planforms. All projected skeletons were con-
structed, classifying all equilibria and heteroclinic connections that can arise
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from the residual symmetry. For both the six- and twelve-dimensional rep-
resentations homoclinic cycles on the projected skeleton X%S[ are guar-

P60
anteed to exist for certain perturbations. Moreover, explicit construct of the

linear order Dj3[p?, Kpl-equivariant vector field in the six-dimensional repre-
sentation allowed us to prove that homoclinic cycles exist for an open set of
D3[p?, kp]-equivariant vector fields, although the stability of this cycle was not
considered. Examples were provided showing that heteroclinic cycles exist for
D3 [p?, k]- and Ds[p?, kpl-equivariant perturbations, although the stability of
these cycles was not studied. All results concerning the persistence of equilibria,
and the existence of heteroclinic connections are essentially identical for the
six- and twelve-dimensional representations. The invariants and equivariants
in the twelve-dimensional representation are complex, so it is not possible to
classify flows on the skeletons. Nevertheless, we have qualitatively enumerated
all the heteroclinic behaviour that can occur via forced symmetry-breaking (to
the groups discussed).

The results of this paper represent a generalisation of those of Hou and
Golubitsky [15] and Parker et al. [16]. These papers study the perturbation
of square lattice planforms. Hou and Golubitsky [15] prove there exists an
open set of perturbations that give heteroclinic cycles for the perturbed flow.
Parker et al. [16] generalised these results to other perturbation, classifying
the admissible perturbation up to quadratic order (within the class of pertur-
bations under consideration). The eight-dimensional bifurcation problem on
the square lattice is studied in the same way as the twelve-dimensional repre-
sentation on the hexagonal lattice, and the results are again limited: only the
skeletons and the symmetry of their components is determined. In general it is
difficult to give general results for the high-dimensional bifurcation problems
due to the complex invariant theory. The hexagonal problem demonstrated
that not all equilibria that lie on a connecting orbit are necessarily knots rela-
tive to that orbit, see Remark 1. The square lattice problem does not possess
this difficulty.

Hexagonal patterns arise in many natural phenomenon including Faraday
waves [10, 24], Rayleigh-Bénard convection [1,22, 23] and reaction-diffusion
systems [1]. Indeed, hexagonal patterns may arise in any system where periodic
or Neumann boundary conditions are assumed. Our results apply directly to
these systems where the boundary conditions are slightly perturbed. At present
our results only represent a qualitative classification of the different types of
behaviour. Nevertheless, the results of this paper can be used to examine the
effects of distant sidewalls on pattern formation in these systems. Indeed, any
system exhibiting steady hexagonal patterns falls under the purview of our
results.

Further analysis is required to determine the genericity of our results and
the stability of the homoclinic cycles. In particular, quantitative data can only
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be derived by a full Liapunov—Schmidt reduction of the modelling equations
of a chosen system. The details of this are beyond the scope of this paper. A
study of three-dimensional planforms has been considered [17].

Appendix A: Isotropy Data

Tables A1-A4 contain the isotropy data for the elements of €p, 2 ., €D,|

p?kp)s
CgDz[pli,n] and %Dg[/ﬁ,np]'

Appendix B: D3[p?, kp|-Invariants and -Equivariants

The determination of the flow formula for a general Dj3[p?, kp]-equivariant
map requires the invariant functions and equivariant maps. Here we compute
these up to linear order. The theorems of Schwarz and Poénaru [2] imply it is
sufficient to consider only polynomial functions and maps. All computations
were performed using Maple Version 7T™. For further details see Parker [17].

Table Al. Isotropy data for C € CgD'z[P2,»<]‘

C € b, Stab(C) stab(C)

(07 O) D3[p27 K’] D; [pzv K’]
(2r/3,27/3)  Ds[p* k] Ds[p* K]
(47/3,4r/3) Ds[p* k] Ds[p? K]
Co,0) Zolrp']l  Zofkp]
Cl29,-9) Zs[~] Zs[x)]
C(_9,20) Zolkp®]  Zolkp?]

Table A2. Isotropy data for C € Cng[p2,mp]'

C € D,jp2ep Stab(C) stab(C)
(07 O) D3[p27 K’] D3 [pzv ﬁ]

(27/3,27/3)  Z3[p’]  Zs[p?]
(4r/3,47/3)  Z3[p?]  Zs[p?]
Clo,0) Zy[rp°]  Zo[rp”]
Clo,0) Z[kp®]  Zs|rp”]
Clo,-0) Zolrp]  Zglkp]
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Table A3. Isotropy data for C € €,

2[p3,n1"
C € b, Stab(C) stab(C)
(0,0) Da[p’, 5] Dslp’, k]
(,0) Zop"]  Zolp’]
(0, ) Dy[p’, k] Dalp’, x]
(m, ) Zo[p*] Zo|p’]
C( 0) Dy[p®, k] Zo[kp’]
(20,-0) Dy[p*, k] ZolK]
Table A4. Isotropy data for C € %&132[,,3,@]-
C € Cp,[ps s Stab(C) stab(C)
(0,0) Ds[p°,kp]  Dalp’, k)
(,0) Zs[p’] Zs[p’]
(0, 7) Zs[p’) Zs[p’)
(m,7) Dy[p®, kp]  Da[p?, k]
Cio,6) Ds[p?,kp]  Zo[rp']
Cio-0 Dolp®,kp]  Za[rip]

We begin with the invariants. The Poincaré series for the invariants is

O+ 5 +383 +12 41

IO == —ppa-era

—t)
=14+ ¢+52+ 105 + 24t + 4265 + .

*

where ... denotes higher order terms. Using the Poincaré series there is one

linear order invariant:

U1 =21+ 20+ 23 +21 + 79 + 23,

The quadratic and higher order invariants are not required for our work and

are ignored, they can be found in Parker [17].
The Poincaré series for the equivariants is

1
(1-1)°

[1]

() =

=146t + 21#2 + 56¢° + 126t* + 252¢° +
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where ... denotes higher order terms. The polynomial maps

1 21 Wzo + W23 z1 W29 + W23
L), |2, |was+wz |, | 22|, |wes +wz |,
1 23 Wz + W29 z3 W21 + W2y

where w € C are equivariant under the Dj3[p?, kp]-action. Furthermore, they
generate the module of polynomial equivariants over the primary invariants,
up to linear order.

It would appear from the Poincaré series for the equivariants that there is
a linear order equivariant missing; this is not so, but results from the choice
of coordinates used to compute the Poincaré series.
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